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PLANCHEREL-ROTACH ASYMPTOTICS FOR q-SERIES
RUIMING ZHANG
Abstrat. In this work we study the Planherel-Rotah type asymptotis
for seleted q-series and q-orthogonal polynomials with omplex salings. The
q-series we over are Euler's q-exponential, Ramanujan funtion, Jakson's q-
Bessel funtion of seond kind, Ismail-Masson orthogonal polynomials, Stieltjes-
Wigert polynomials and q-Laguerre polynomials. For a xed q with 0 < q < 1,
in eah ase the main term of the asymptoti formulas may ontain Ramanujan
funtion or theta funtion depending on the value of saling parameter. Fur-
themore, when the saling parameter is in ertain strip of the omplex plane,
its number theoretial property ompletely determines the order of the error
term. In eah ases, we also investigate the asymptoti behavior of the men-
tioned q-series when q approahing 1 in a restrited manner. These asymptoti
formulas may provide insights to new random matrix models.
1. Introdution
The Planherel-Rotah asymptotis for lassial orthogonal polynomials are es-
sential to obtain universality results in random matrix theory [21℄. The assoiated
random matrix models for q-orthogonal polynomials are still unknown today. It
might be interesting to alulate the Planherel-Rotah type asymptotis for q-
orthogonal polynomials to gain some insights to the related random matrix models.
The Planherel-Rotah type asymptotis for q-orthogonal polynomials started
in [18℄, where we studied Planherel-Rotah type asymptotis for three families of
q-orthogonal polynomials with real logarithmi salings. They are Ismail-Masson
polynomials {hn(x|q)}∞n=0 , Stieltjes-Wigert polynomials {Sn(x; q)}∞n=0 and q-Laguerre
polynomials
{
L
(α)
n (x; q)
}∞
n=0
. These q-orthogonal polynomials are assoiated with
indeterminant moment problems [1℄. The asymptotis reveal a remarkable pattern
whih is quite dierent to the pattern assoiated with lassial Planherel-Rotah
asymptotis [25, 13, 7, 8℄. The main term of asymptotis may ontain Ramanujan
funtion Aq(z) or theta funtion aording to the value of the saling parameter.
In this work we will investigate Planherel-Rotah type asymptotis with om-
plex salings for some q-series, rst with xed q ∈ (0, 1), then let q approahing
1 in some restrited manners. The q-series treated in this work are Euler's q-
exponential Eq(z), Ramanujan funtion Aq(z), Jakson's q-Bessel funtions of se-
ond kind J
(2)
ν (z; q), Ismail-Masson orthogonal polynomials {hn(x|q)}∞n=0, Stieltjes-
Wigert polynomials {Sn(x; q)}∞n=0 and q-Laguerre polynomials
{
L
(α)
n (x; q)
}∞
n=0
.
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nite integrals.
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The results reveal an even more ompliated pattern. The error terms manifest
a link between speial funtions and number theory. The method we use in this
study is a disrete version of the lassial Laplae method in asymptotis [18℄. This
version of disrete Laplae method may also be applied to study the asymptotis for
other q-series suh as general onuent basi hypergeometri funtions. We prefer
to publish these results at another time.
Through out this work, We shall assume that 0 < q < 1 unless otherwise stated.
We also assume that s = σ+it is a omplex number with σ = ℜ(s) and t = ℑ(s). All
the log and power funtions are taken as their priniple branhes. The asymptoti
formulas here are mostly for oneptual purposes, so we won't pursue the best
orders nor the best implied onstants.
1.1. q-series. For any omplex number a, we dene [6, 9, 13, 20℄
(1) (a; q)∞ :=
∞∏
k=0
(1− aqk)
and the q-shifted fatorial of a, a1, . . . am are dened by
(2) (a; q)n :=
(a; q)∞
(aqn; q)∞
, (a1, . . . , am; q)n :=
m∏
k=1
(ak; q)n
for all integers n ∈ Z amd m ∈ N.
Lemma 1.1. Given any omplex number z, we assume that
(3) 0 <
|z| qn
1− q <
1
2
for some positive integer n. Then,
(4)
(z; q)∞
(z; q)n
= (zqn; q)∞ := 1 + r1(z;n),
with
(5) |r1(z;n)| ≤ 2 |z| q
n
1− q ,
and
(6)
(z; q)n
(z; q)∞
=
1
(zqn; q)∞
:= 1 + r2(z;n),
with
(7) |r2(z;n)| ≤ 2 |z| q
n
(1− q) .
Proof. From the q-binomial theorem [6, 9, 13, 20℄
(8)
(Az; q)∞
(z; q)∞
=
∞∑
k=0
(A; q)k
(q; q)k
zk, A, z ∈ C, |z| < 1,
and the inequality
(9) (q; q)k ≥ (1 − q)k
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for k = 0, 1, ... we obtain
r2(z;n) =
∞∑
k=0
(zqn)
k+1
(q; q)k+1
,(10)
and
|r2(z;n)| ≤
∞∑
k=0
(|z| qn)k+1
(q; q)k+1
≤ |z| q
n
(1− q)
∞∑
k=0
( |z| qn
1− q
)k
≤ 2 |z| q
n
(1− q) .(11)
Apply a limiting ase of (8),
(12) (z; q)∞ =
∞∑
k=0
qk(k−1)/2
(q; q)k
(−z)k z ∈ C,
and the inequalities,
(13)
1− qk
1− q ≥ kq
k−1,
(q; q)k
(1− q)k ≥ k!q
k(k−1)/2
for k = 0, 1, . . . we get
r1(z;n) =
∞∑
k=1
qk(k−1)/2(−zqn)k
(q; q)k
,(14)
and
|r1(z;n)| ≤
∞∑
k=0
(|z| qn)k+1
(1− q)k+1
(1− q)k+1qk(k+1)/2
(q; q)k+1
(15)
≤
∞∑
k=0
(|z| qn)k+1
(1− q)k+1
1
(k + 1)!
≤ |z| q
n
√
e
1− q <
2 |z| qn
1− q .

Remark. In this work, we either have a xed q with 0 < q < 1, q = exp(−dπn−a)
or q = exp
(
− dlogn
)
, with 0 < a < 1 and d > 0. In these ases, the ondition (3) is
learly satised for n large.
The Dedekind η(τ) is dened as [23℄
(16) η(τ) := eπiτ/12
∞∏
k=1
(1 − e2πikτ ),
or
(17) η(τ) = q1/12(q2; q2)∞,
for
(18) q = eπiτ , ℑ(τ) > 0.
It has the transformation formula
(19) η
(
− 1
τ
)
=
√
τ
i
η(τ).
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The four Jaobi theta funtions are dened as
θ1(v|τ) := −i
∞∑
k=−∞
(−1)kq(k+1/2)2e(2k+1)πiv,(20)
θ2(v|τ) :=
∞∑
k=−∞
q(k+1/2)
2
e(2k+1)πiv,(21)
θ3(v|τ) :=
∞∑
k=−∞
qk
2
e2kπiv,(22)
θ4(v|τ) :=
∞∑
k=−∞
(−1)kqk2e2kπiv,(23)
where
(24) q = eπiτ , ℑ(τ) > 0.
For our onveniene, we also use the following notations
(25) θλ(z; q) := θλ(v|τ), z = e2πiv, q = eπiτ
for λ = 1, 2, 3, 4. The Jaobi's triple produt identities are
θ1(v|τ) = 2q1/4 sinπv(q2; q2)∞(q2e2πiv; q2)∞(q2e−2πiv; q2)∞,(26)
θ2(v|τ) = 2q1/4 cosπv(q2; q2)∞(−q2e2πiv; q2)∞(−q2e−2πiv; q2)∞,(27)
θ3(v|τ) = (q2; q2)∞(−qe2πiv; q2)∞(−qe−2πiv; q2)∞,(28)
θ4(v|τ) = (q2; q2)∞(qe2πiv; q2)∞(qe−2πiv; q2)∞.(29)
The Jaobi θ funtions satisfy transformations
θ1
(
v
τ
| − 1
τ
)
= −i
√
τ
i
eπiv
2/τθ1 (v | τ) ,(30)
θ2
(
v
τ
| − 1
τ
)
=
√
τ
i
eπiv
2/τθ4 (v | τ) ,(31)
θ3
(
v
τ
| − 1
τ
)
=
√
τ
i
eπiv
2/τθ3 (v | τ) ,(32)
θ4
(
v
τ
| − 1
τ
)
=
√
τ
i
eπiv
2/τθ2 (v | τ) .(33)
Lemma 1.2. Let
(34) 0 < a < 1, n ∈ N,
and
(35) q = e−2πγ
−1n−a , γ > 0,
then,
(36) (q; q)∞ =
√
γna exp
(
πn−a/(12γ)− πγna/12){1 +O (e−2πγna)} ,
and
(37)
1
(q; q)∞
=
exp (πγna/12− πn−a/(12γ))√
γna
{
1 +O
(
e−2πγn
a
)}
as n→∞.
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Proof. From formulas (15) and (18) we get
(q; q)∞ = exp
(
πn−a/(12γ)
)
η
(
n−aγ−1i
)
(38)
=
√
γna exp
(
πn−a/(12γ)
)
η(γnai)
=
√
γna exp
(
πn−a/(12γ)− πγna/12) ∞∏
k=1
(1 − e−2πγkna)
=
√
γna exp
(
πn−a/(12γ)− πγna/12){1 +O (e−2πγna)}
and
(39)
1
(q; q)∞
=
exp (πγna/12− πn−a/(12γ))√
γna
{
1 +O
(
e−2πγn
a
)}
as n→∞. 
Similarly, we have:
Lemma 1.3. Assume that
(40) q = exp
(
− 2π
γ logn
)
, n ≥ 2, γ > 0,
then,
(41) (q; q)∞ = n−πγ/12
√
γ logn exp
(
π
12γ logn
){
1 +O (n−2πγ)} ,
and
(42)
1
(q; q)∞
=
nπγ/12√
γ logn
exp
(
− π
12γ logn
){
1 +O (n−2πγ)}
as n→∞.
We will also make use of the trivial inequality
(43) |ez − 1| ≤ |z|e|z|
for any z ∈ C.
1.2. Generalized Irrational Measure. For an irrational number θ, Chebyshev's
theorem implies that for any real number β , there exist innitely many pairs of
integers n and m with n > 0 suh that [11℄
(44) nθ = m+ β + γn with |γn| ≤ 3
n
.
Clearly, Chebyshev's theorem says that the arithmeti progression {nθ}n∈Z is er-
godi in R.
Denition 1.4. Given real numbers θj and βj for j = 1, ..., N , the generalized irra-
tionality measure ω(θ1, . . . , θN |β1, . . . , βN ) of θ1, . . . , θN assoiated with β1, . . . , βN
is dened as the least upper bound of the set of real numbers r suh that there
exist innitely many positive integers n and integers m1, . . . ,mN suh that
(45) |nθj − βj −mj | < 1
nr−1
.
for j = 1, . . . , N .
Proposition 1.5. Let θ be an irrational number, then for any real number β, its
generalized irrational measure assoiated with β is ω(θ|β) ≥ 2 .
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Proof. The assertion is a diret onsequene of the Chebyshev's theorem. 
Reall that the irrationality measure (or Liouville-Roth onstant) µ(θ) of a real
number θ is dened as the least upper bound of the set of real numbers r suh that
[28℄
(46) 0 < |nθ −m| < 1
nr−1
is satised by an innite number of integer pairs (n,m) with n > 0. It is lear that
we have
(47) ω(θ|0) = µ(θ).
A real algebrai number θ of degree ℓ if it is a root of an irreduible polynomial of
degree ℓ with integer oeients. Liouville's theorem in number theory says that
for a real algebrai number θ of degree ℓ, there exists a positive onstant K(θ) suh
that for any integer m and n > 0 we have
(48) |nθ −m| > K(θ)
nℓ−1
.
A Liouville number is a real number θ suh that for any positive integer ℓ there
exist innitely many integers n and m with n > 1 suh that [28℄
(49) 0 < |nθ −m| < 1
nℓ−1
,
It is well known that even though the set of all Liouville numbers is of Lebesgue
measure zero, topologially, almost all real numbers are Liouville numbers.
Proposition 1.6. The generalized irrational measure ω(θ|β) has the following
properties:
(1) For any real algebrai number θ of degree ℓ, one has ω(θ|0) ≤ ℓ.
(2) For a Liouville number θ, one has ω(θ|0) =∞.
Proof. The rst assertion follows from the denition 1.4 and (47) while the last
assertion follows diretly from the denitions of the generalized irrational measure
and the Liouville numbers. 
It is lear that the quadrati irrationals θ suh as
√
2 have the generalized irra-
tional measure ω(θ|0) = 2 for any real number β.
For any real number θ, we onsider the set
(50) S(θ) = {{nθ} : n ∈ N} .
Obviously, the set S(θ) is a nite subset of [0, 1) for θ ∈ Q. When θ /∈ Q, the set
S(θ) is dense in (0, 1), whih is a onsequene of Chebyshev's theorem.
Lemma 1.7. We have the following:
(1) Assume that θ > 0 and θ ∈ Q. For any real number λ with {λ} ∈ S(θ),
there exist innitely many pair of integers n and m with n > 0 suh that
(51) nθ = m+ λ, m ∈ N.
(2) Let θ be an irrational number, then for any xed real number β there is a
positive number ρ ≥ 1 suh that
(52) nθ = m+ β + γn, m ∈ Z, |γn| ≤ 1
nρ
holds for innitely many positive integers n. Furthermore, m ∈ N if θ > 0.
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(3) Given two rational numbers τ, θ with τ < 0, there are λ, λ1 with {λ} ∈
S(−τ), {λ1} ∈ S(θ) and innitely many integers n, m with n > 0 suh that
(53) − nτ = m+ λ, m ∈ N, nθ = m1 + λ1, m1 ∈ Z.
(4) Assume τ < 0. If only one of τ and θ is rational, say, τ is rational and θ
is irrational, then for any xed real number β, there is a positive number
ρ ≥ 1 and some rational number λ with {λ} ∈ S(−τ) suh that
(54) nθ = m1 + β + bn, m1 ∈ Z, |bn| < 1
nρ
and
(55) − nτ = m+ λ, m ∈ N
hold for innitely many positive integers n.
(5) If both −τ > 0 and θ are irrational and there exist real numbers β1, β2 suh
that
(56) ω(−τ, θ|β1, β2) > 1,
then for any ρ with
(57) 0 < ρ < ω(−τ, θ|β1, β2)− 1,
there exist innitely many integers n and m with n > 0 suh that
(58) nθ = m1 + β2 + bn, m1 ∈ Z, |bn| < 1
nρ
,
and
(59) − nτ = m+ β1 + an, m ∈ N, |an| < 1
nρ
.
Proof. The rst two ases are trivial, they are diret onsequenes of denition of
ω(θ|β) and the Chebyshev's theorem.
To prove the third assertion, we only need to onsider the ase that λ, λ1 ∈ (0, 1).
Let τ, θ ∈ Q, if θ or τ is an integer, then (53) redues to (51). Assume that τ < 0
and θ are not integers, let
(60) − τ = q1
p1
, p1 ≥ 1, (p1, q1) = 1,
and
(61) θ =
q2
p2
, p2 ≥ 1, (p2, q2) = 1.
If
(62) d = (p1, p2) = 1,
and for any
(63) λ =
v1
p1
∈ S(−τ), λ1 = v2
p2
∈ S(θ),
let u1, u2 be any two integers satisfying
(64) v1 ≡ q1u1( mod p1), v2 ≡ q2u2( mod p2),
then, by Chinese remainder theorem, there exist innitely many positive integers
n, n1, n2 suh that
(65) n = p1n1 + u1, n = p2n2 + u2.
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Hene,
(66) − nτ = n1q1 + q1u1
p1
= m+ λ
and
(67) nθ = n2q2 +
q2u2
p2
= m1 + λ1.
In the ase that
(68) d = (p1, p2) > 1,
we let
(69) p′1 =
p1
d
, p′2 =
p2
d
.
From the previous disussion we see that for
(70) λ ∈
{
0,
1
p′1
, . . . ,
p′1 − 1
p′1
}
⊂ S(−τ)
and
(71) λ1 ∈
{
0,
1
p′2
, . . . ,
p′2 − 1
p′2
}
⊂ S(θ),
there exists innitely many positive integers n′, m′ suh that
(72) − n′τ = m+ λ, n′θ = m1 + λ1, m1,m ∈ Z,
where the new n′ = dn for eah n in (64). Given any two real numbers τ < 0 and
θ, if just one of them is irrational, say, τ is rational and θ is irrational, then by
(51), there are innitely many positive integers n satisfying equations of (53). Sine
S(−τ) is nite set, then there exist some λ ∈ S(−τ) and innitely many positive
integers n satisfying all the equations of (53) and (54).
In the ase when both τ < 0 and θ are irrational, (57) and (58) follow from the
denition of ω(−τ, θ|β1, β2). 
2. q-Exponential Funtion Eq(z)
The Euler's q-Exponential is dened by [6, 9, 13, 20℄
(73) Eq(z) := (−z; q)∞ =
∞∑
k=0
qk(k−1)/2
(q; q)k
zk, z ∈ C.
For any omplex number z, we notie that
(74) Eq((1 − q)z) =
∞∑
k=0
(1− q)k
(q; q)k
qk(k−1)/2zk.
By applying (13) we get
(75)
(1− q)kqk(k−1)/2
(q; q)k
≤ 1
k!
for any nonnegative integer k. Hene by Lebesgue dominated theorem we have
(76) lim
q→1
Eq((1 − q)z) =
∞∑
k=0
zk
k!
= ez,
PLANCHEREL-ROTACH ASYMPTOTICS FOR q-SERIES 9
and this is the reason why Eq(z) is alled a q-exponential. Indeed, it is one of
several q-analogues of ez in q-series. From (73) and (74), it is also lear that
(77) |Eq((1− q)z)| ≤ e|z|, z ∈ C.
From (72) we also have
(78) |(Eq(z)| ≤
∞∑
k=0
qk/2
(q; q)k
{
qk
2/2
( |z|
q
)k}
and for any nonzero omplex number z, the terms
(79) qk
2/2
( |z|
q
)k
, k = 0, 1, ...
are bounded by
(80) exp
{
− log
2 |z/q|
2 log q
}
.
Then we have
(81) |(Eq(z)| ≤ exp
{
− log
2 |z/q|
2 log q
} ∞∑
k=0
qk/2
(q; q)k
or
(82) |(Eq(z)| ≤
exp
{
− log2 |z/q|2 log q
}
(
√
q; q)∞
.
From Jaobi triple produt formulas we obtain
|θ3(z; q)| =
∣∣(q2,−qz,−q/z; q2)∞∣∣(83)
≤ (q
2; q2)∞
(q; q2)2∞
exp
{
− 1
4 log q
[
log2(|z|/q) + log2(|z|q)]} .
Sine
(84) log2(|z|/q) + log2(|z|q) = 2 log2 |z|+ 2 log2 q,
then,
(85) |θ3(z; q)| ≤ (q
2; q2)∞
(q; q2)2∞
√
q
exp
{
− log
2 |z|
2 log q
}
.
Similarly, we have
|θ4(z; q)| ≤ (q
2; q2)∞
(q; q2)2∞
√
q
exp
{
− log
2 |z|
2 log q
}
,(86)
|θ1(z; q)| ≤
2 4
√
q(q2; q2)∞ cosh(12 log |z|)
(q; q2)2∞
exp
{
− log
2 |z|
2 log q
}
,(87)
|θ2(z; q)| ≤
2 4
√
q(q2; q2)∞ cosh(12 log |z|)
(q; q2)2∞
exp
{
− log
2 |z|
2 log q
}
.(88)
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2.1. Asymptotis for Eq(z) . Assume that
(89) s = τ +
2πiθ
log q
, τ, θ ∈ R.
Then for any nonzero omplex number z, we have
Eq(−qns+1/2z) =
∞∑
k=0
qk
2/2
(q; q)k
(−ze2πinθqnτ)k .(90)
For the Euler q-Exponential Eq(z) we have the following results:
Theorem. For any nonzero omplex number z, let
(91) jn =
⌊
q4 logn
− log q
⌋
, kn =
⌊−nτ
2
⌋
,
we have the following results for Eq(z):
(1) If τ > 0, then we have
(92) Eq(−qns+1/2z) = 1 + rqe(n|1),
and
(93) |rqe(n|1)| ≤ |z|q
nτ+1/2
1− q exp
{ |z|qnτ+1/2
1− q
}
.
(2) Assume that τ = 0. If for some xed real numbers β and ρ ≥ 1 there are
innitely many positive integers n suh that
(94) nθ = m+ β + bn, |bn| < 1
nρ
, m ∈ Z,
then,
(95) Eq(−qns+1/2z) = Eq(−zq1/2e2πiβ ; q)∞ + rqe(n|3),
and
(96) |rqe(n|3)| ≤ 24 exp
( |z|√q
1− q
){
logn
nρ
+
1
jn!
( |z|√q
1− q
)jn}
for n suiently large.
(3) Assume that τ < 0. If for some xed real numbers λ and λ1 there are
innitely many positive integers n suh that
(97) − nτ = m+ λ, m ∈ N, nθ = m1 + λ1, m1 ∈ Z.
Then
(98)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qλe−2πiλ1 ;
√
q
)
+ rqe(n|4),
and
|rqe(n|4)| ≤ 4θ3
(|z|−1qλ;√q)
{
qkn
1− q +
qk
2
n/2+λkn
|z|kn
}
(99)
for n suiently large.
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(4) Assume that τ < 0. If for some xed real numbers β, λ, ρ ≥ 1 there exist
innitely many positive integers n suh that
(100) − nτ = m+ λ, m ∈ N,
and
(101) nθ = m1 + β + bn, |bn| < 1
nρ
, m1 ∈ Z,
then,
(102)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qλe−2πiβ;
√
q
)
+ rqe(n|5),
and
|rqe(n|5)| ≤ 48θ3
(|z|−1qλ;√q)
{
qj
2
n/2+λjn
|z|jn
+ |z|jn qj2n/2−λjn + q
kn
1− q +
logn
nρ
}(103)
for n suiently large.
(5) Assume that τ < 0. If for some xed real numbers β, λ, ρ ≥ 1 there are
innitely many positive integers n suh that
(104) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N, nθ = m1 + λ, m1 ∈ Z,
then,
(105)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qβe−2πiλ;
√
q
)
+ rqe(n|6),
and
|rqe(n|6)| ≤ 6θ3(|z|−1qβ;√q)
{
log n
nρ
+
qkn
1− q + |z|
jn qj
2
n/2−(β+1)jn +
qj
2
n/2+(β−1)jn
|z|jn
}(106)
for n suiently large.
(6) Assume that τ < 0. If for some xed real numbers β1, β2 and ρ > 0 there
exist innitely many positive integers n suh that
(107) − nτ = m+ β1 + an, |an| < 1
nρ
, m ∈ N,
and
(108) nθ = m1 + β2 + bn, |bn| < 1
nρ
, m1 ∈ Z.
Then,
(109)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qβ1e−2πiβ2 ;
√
q
)
+ rqe(n|7),
and
|rqe(n|7)| ≤ 54θ3(|z|−1qβ1 ;√q)
{
logn
nρ
+
qkn
1− q + q
j2n/2−(β1+1)jn |z|jn + q
j2n/2+(β1−1)jn
|z|jn
}(110)
for n suiently large.
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Remark 2.1. If only one of τ and θ is an irrational number, say τ , then the real
number β ould be xed as 0. If τ is an algebrai of degree ℓ, then the order of error
term an be no better than O(n1−ℓ), while if the number is a Liouville number,
then, the order is better than O(n−r) for any real number r. In ase of an arbitrary
irrational number τ and an arbitrary real number β, the error term is O(n−1+ǫ)
for any small ǫ > 0 by the Chebyshev's theorem. This remark applies to all the
asymptotis in this work.
In the following orollaries we assume that
(111) z := e2πu, u ∈ R.
Corollary 2.2. Assume that
(112) q = exp(−2n−aπ), 0 < a < 1
2
, n ∈ N,
we have the following results for Eq(z):
(1) Assume that τ > 0, we have
(113) Eq(− exp 2π(u + n1−aτ + n−a/2)) = 1 +O
(
nae−2πτn
1−a
)
for n suiently large.
(2) Assume that τ < 0, if for some xed real number λ there are innitely many
positive integer n suh that
(114) − nτ = m+ λ, m ∈ N,
then,
Eq(− exp 2π(u+ τn1−a + n−a/2))(115)
=
2 exp
(
πn−a(nau− nτ)2) {cosπ(nau+ λ) +O (e−2πna)}
(−1)λ+nτ exp (πna/6 + πn−a/12)
for n suiently large.
Let
(116) q = exp(− 2π
γ logn
), n ≥ 2, γ > 0,
then we have the following:
Corollary 2.3. we have the following results for Eq(z):
(1) Assume that τ > 0, we have
(117) Eq
(
− exp 2π
(
u− nτ + 1/2
γ logn
))
= 1 +O
(
logn exp
(
− 2nπτ
γ log n
))
for n suiently large.
(2) Assume that τ < 0 and for some xed real number λ there are innitely
many positive integer n suh that
(118) − nτ = m+ λ, m ∈ N,
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then,
Eq
(
− exp 2π
(
u− nτ + 1/2
γ log n
))
(119)
= (−1)τn+λ exp
(
π(γu logn− nτ)2
γ logn
− π
12γ logn
)
× 2n−γπ/6 {cosπ(γu logn+ λ) +O(n−2πγ)}
for n suiently large.
(3) Assume that τ < 0, if for some xed real numbers β, ρ ≥ 1 and λ there
exist innitely many positive integers n suh that
(120) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N,
then,
Eq
(
− exp 2π
(
u− nτ + 1/2
γ logn
))
(121)
= exp
(
π(γu logn− nτ)2
γ logn
− π
12γ logn
)
× 2
{
cosπ(γu logn+ β) +O(n−8ρ/9 logn)}
(−1)mn2ρ/27
for n suiently large, where
(122) γ =
4ρ
9π
.
2.2. Proofs for Theorem 2.1. Assume that τ < 0 and
(123) − nτ = m+ cn, m ∈ N, nθ = m1 + dn, m1 ∈ Z,
then,
E(−qns+1/2z) =
∞∑
k=0
qk
2/2
(q; q)k
(−ze2πinθqnτ)k
(124)
=
m∑
k=0
qk
2/2
(q; q)k
(−ze2πinθqnτ)k + ∞∑
k=m+1
qk
2/2
(q; q)k
(−ze2πinθqnτ )k
= s1 + s2.
Reverse summation order in s1,
(125)
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
m∑
k=0
qk
2/2(−qcnz−1e−2πidn)ke(k, n)
with
(126) e(k, n) =
(q; q)∞
(q; q)m−k
,
then,
(127) |e(k, n)| ≤ 1
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for 0 ≤ k ≤ m. An appliation of Lemma 1.1 gives
(128) |e(k, n)− 1| = |r1(q;m− k)| ≤ 2q
2+kn
1− q .
for 0 ≤ k ≤ kn − 1 and n suiently large.
We shift the summation index from k to k +m in s2,
(129)
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=1
qk
2/2(−zq−cne2πidn)kf(k, n),
with
(130) f(k, n) =
(q; q)∞
(q; q)m+k
,
then,
(131) |f(k, n)| ≤ 1,
and
(132) |f(k, n)− 1| = |r1(q;m+ k)| ≤ 2q
kn+2
1− q
for k ∈ N and n suiently large.
2.2.1. Proof for ase 1. If we write
(133) Eq(−qns+1/2z) = 1 + rqe(n|1),
then,
(134) rqe(n|1) =
∞∑
k=1
qk
2/2
(q; q)k
(−ze2πinθqnτ)k .
Hene,
|rqe(n|1)| ≤
∞∑
k=1
qk
2/2
(q; q)k
(|z|qnτ )k ≤
∞∑
k=1
(|z|qnτ+1/2)k
k!(1− q)k
(1 − q)kk!qk(k−1)/2
(q; q)k
(135)
≤ |z|q
nτ+1/2
1− q
∞∑
k=0
(|z|qnτ+1/2)k
k!(1− q)k ≤
|z|qnτ+1/2
1− q exp
{ |z|qnτ+1/2
1− q
}
by an appliation of (13).
2.2.2. Proof for ase 2. It is lear that
(136) 1 < jn <
nρ
2π
for n suiently large, then,
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E(−qns+1/2z) =
∞∑
k=0
qk
2/2
(q; q)k
(−ze2πiβ)k e2πikbn(137)
=
∞∑
k=0
qk
2/2
(q; q)k
(−ze2πiβ)k − ∞∑
k=jn
qk
2/2
(q; q)k
(−ze2πiβ)k
+
jn−1∑
k=0
qk
2/2
(q; q)k
(−ze2πiβ)k {e2πikbn − 1}+ ∞∑
k=jn
qk
2/2
(q; q)k
(−ze2πiβ)k e2πikbn
= Eq(−zq1/2e2πiβ) + s1 + s2 + s3.
Then,
|s1 + s3| ≤ 2
∞∑
k=jn
qk
2/2
(q; q)k
|z|k ≤ 2
∞∑
k=jn
1
k!
( |z|√q
1− q
)k
(138)
≤
( |z|√q
1−q
)jn
jn!
∞∑
k=0
( |z|√q
1−q
)k
k!
≤
2 exp
( |z|√q
1−q
)
jn!
( |z|√q
1− q
)jn
.
For n suiently large,
|s2| ≤ 2πjn|bn|e2πjn|bn|
∞∑
k=0
qk
2/2|z|k
(q; q)k
≤ 24 exp
( |z|√q
1− q
)
logn
nρ
.(139)
Hene we have proved
(140) Eq(−qns+1/2z) = Eq(−zq1/2e2πiβ) + rqe(n|3),
where
(141) rqe(n|3) = s1 + s2 + s3,
and
(142) |rqe(n|3)| ≤ 24 exp
( |z|√q
1− q
){
logn
nρ
+
1
jn!
( |z|√q
1− q
)jn}
for n suiently large.
2.2.3. Proof for ase 4. Notie that
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
m∑
k=0
qk
2/2(−qλz−1e−2πiλ1)ke(k, n)
(143)
=
∞∑
k=0
qk
2/2(−qλz−1e−2πiλ1)k −
∞∑
k=kn
qk
2/2(−qλz−1e−2πiλ1)k
+
kn−1∑
k=0
qk
2/2(−qλz−1e−2πiλ1)k {e(k, n)− 1}+
m∑
k=kn
qk
2/2(−qλz−1e−2πiλ1)ke(k, n)
=
∞∑
k=0
qk
2/2(−qλz−1e−2πiλ1)k + s11 + s12 + s13.
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Thus,
|s11 + s13| ≤ 2
∞∑
k=kn
qk
2/2
(
qλ
|z|
)k
≤ 2q
k2n/2+λkn
|z|kn
∞∑
k=0
qk
2/2
(
qλ+kn
|z|
)k
(144)
≤ 2θ3
(|z|−1qλ;√q) qk2n/2+λkn
|z|kn
,
and for n suiently large,
|s12| ≤ 2q
kn
1− q
∞∑
k=0
qk
2/2
(
qλ
|z|
)k
≤ 2θ3
(|z|−1qλ;√q)
1− q q
kn .(145)
Let
(146) r1(n) = s11 + s12 + s13,
then,
(147)
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=0
qk
2/2(−qλz−1e−2πiλ1)k + r1(n),
and
|r1(n)| ≤ 2θ3
(|z|−1qλ;√q)
{
qkn
1− q +
qk
2
n/2+λkn
|z|kn
}
(148)
for n suiently large.
In the seond sum,
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=1
qk
2/2(−zq−λe2πiλ1)kf(k, n)(149)
=
∞∑
k=1
qk
2/2(−zq−λe2πiλ1)k +
∞∑
k=1
qk
2/2(−zq−λe2πiλ1)k {f(k, n)− 1}
=
−1∑
k=−∞
qk
2/2(−qλz−1e−2πiλ1)k + r2(n),
and
|r2(n)| ≤ 2q
kn
1− q
∞∑
k=1
qk
2/2(q−λ|z|)k ≤ 2θ3
(|z|−1qλ;√q)
1− q q
kn
(150)
for n suiently large. Hene,
(151)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qλe−2πiλ1 ;
√
q
)
+ rqe(n|4),
with
|rqe(n|4)| ≤ 4θ3
(|z|−1qλ;√q)
{
qkn
1− q +
qk
2
n/2+λkn
|z|kn
}
(152)
for n suiently large.
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2.2.4. Proof for ase 5. In this ase we have
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
m∑
k=0
qk
2/2(−qλz−1e−2πiβ)ke−2πikbne(k, n)
(153)
=
∞∑
k=0
qk
2/2(−qλz−1e−2πiβ)k −
∞∑
k=jn
qk
2/2(−qλz−1e−2πiβ)k
+
jn−1∑
k=0
qk
2/2(−qλz−1e−2πiβ)k {e(k, n)− 1}+
jn−1∑
k=0
qk
2/2(−qλz−1e−2πiβ)ke(k, n){e−2πikbn − 1}
+
m∑
k=jn
qk
2/2(−qλz−1e−2πiβ)ke−2πikbne(k, n)
=
∞∑
k=0
qk
2/2(−qλz−1e−2πiβ)k + s11 + s12 + s13 + s14.
Then,
|s11 + s14| ≤ 2
∞∑
k=jn
qk
2/2
(
qλ
|z|
)k
≤ 2q
j2n/2+λjn
|z|jn
∞∑
k=0
qk
2/2
(
qλ+jn
|z|
)k
(154)
≤ 2θ3
(|z|−1qλ;√q) qj2n/2+λjn
|z|jn
.
We also have
|s13| ≤ 2πjn|bn|e2πjn|bn|
∞∑
k=0
qk
2/2
(
qλ
|z|
)k
≤ 24θ3
(|z|−1qλ;√q) logn
nρ
,(155)
and
(156) |s12| ≤ 2q
kn
1− q θ3
(|z|−1qλ;√q)
for n suiently large.
Let
(157) r1(n) = s11 + s12 + s13 + s14,
then
(158)
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=0
qk
2/2(−z−1qλe−2πiβ)k + r1(n),
and
(159) |r1(n)| ≤ 24θ3
(|z|−1qλ;√q)
{
qj
2
n/2+λjn
|z|jn
+
qkn
1− q +
logn
nρ
}
for n suiently large.
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Similarly,
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=1
qk
2/2(−zq−λe2πiβ)kf(k, n)e2πikbn
(160)
=
∞∑
k=1
qk
2/2(−zq−λe2πiβ)k −
∞∑
k=jn
qk
2/2(−zq−λe2πiβ)k
+
jn−1∑
k=1
qk
2/2(−zq−λe2πiβ)k {f(k, n)− 1}+
jn−1∑
k=1
qk
2/2(−zq−λe2πiβ)kf(k, n){e2πikbn − 1}
+
∞∑
k=jn
qk
2/2(−zq−λe2πiβ)kf(k, n)e2πikbn
=
−1∑
k=−∞
qk
2/2(−z−1qλe−2πiβ)k + s21 + s22 + s23 + s24.
Then,
|s21 + s24| ≤ 2
∞∑
k=jn
qk
2/2(|z|q−λ)k ≤ 2 |z|jn qj2n/2−λjn
∞∑
k=0
qk
2/2(|z|q−λ+jn)k(161)
≤ 2θ3
(|z|−1qλ;√q) |z|jn qj2n/2−λjn .
For suiently large n we have
|s22| ≤ 2q
kn
1− q
∞∑
k=1
qk
2/2(|z|q−λ)k ≤ 2q
kn
1− q θ3
(|z|−1qλ;√q) ,(162)
and
|s23| ≤ 2πjn|bn|e2πjn|bn|
∞∑
k=1
qk
2/2(|z|q−λ)k ≤ 24θ3
(|z|−1qλ;√q) logn
nρ
(163)
for n suiently large.
Let
(164) r2(n) = s21 + s22 + s23 + s24,
then,
(165)
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
−1∑
k=−∞
qk
2/2(−z−1qλe−2πiβ)k + r2(n),
with
(166) |r2(n)| ≤ 24θ3
(|z|−1qλ;√q){ log n
nρ
+
qkn
1− q + |z|
jn qj
2
n/2−λjn
}
for suiently large n.
Therefore,
(167)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qλe−2πiβ ;
√
q
)
+ rqe(n|5)
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with
|rqe(n|5)| ≤ 48θ3
(|z|−1qλ;√q)
{
qj
2
n/2+λjn
|z|jn
+ |z|jn qj2n/2−λjn + q
kn
1− q +
logn
nρ
}(168)
for n suiently large.
2.2.5. Proof for ase 6. Notie that
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
m∑
k=0
qk
2/2(−qβz−1e−2πiλ)kqkane(k, n)
(169)
=
∞∑
k=0
qk
2/2(−qβz−1e−2πiλ)k −
∞∑
k=jn
qk
2/2(−qβz−1e−2πiλ)k
+
jn−1∑
k=0
qk
2/2(−qβz−1e−2πiλ)k {e(k, n)− 1}+
jn−1∑
k=0
qk
2/2(−qβz−1e−2πiλ)ke(k, n){qkan − 1}
+
m∑
k=jn
qk
2/2(−qβz−1e−2πiλ)kqkane(k, n) =
∞∑
k=0
qk
2/2(−qβz−1e−2πiλ)k + s11 + s12 + s13 + s14.
Sine
(170) |qkan − 1| ≤ jn|an| log q−1ejn|an| log q
−1 ≤ 3 logn
nρ
,
and
(171) |qkan | ≤ ejn|an| log q−1 < 3
for 0 ≤ k ≤ jn − 1 and
(172) |qkan | ≤ q−2k
for any k ≥ 0, then,
|s11 + s14| ≤ 2
∞∑
k=jn
qk
2/2(qβ−1|z|−1)k ≤ 2q
j2n/2+(β−1)jn
|z|jn
∞∑
k=0
qk
2/2(qβ−1+jn |z|−1)k
(173)
≤ 2θ3
(|z|−1qβ ;√q) qj2n/2+(β−1)jn
|z|jn
,
and
(174) |s12| ≤ 2q
kn
1− q
∞∑
k=0
qk
2/2(qβ |z|−1)k ≤ 2θ3(|z|−1qβ ;√q) q
kn
1− q ,
(175) |s13| ≤ 3 logn
nρ
∞∑
k=0
qk
2/2(qβ |z|−1)k ≤ 3θ3(|z|−1qβ;√q) log n
nρ
for n suiently large. Hene,
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(176)
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=0
qk
2/2(−qβz−1e−2πiλ)k + r1(n),
where
(177) r1(n) = s11 + s12 + s13 + s14,
and
(178) |r1(n)| ≤ 3θ3(|z|−1qβ ;√q)
{
qkn
1− q +
logn
nρ
+
qj
2
n/2+(β−1)jn
|z|jn
}
for n suiently large. Similarly,
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=1
qk
2/2(−zq−βe2πiλ)kf(k, n)q−kan
(179)
=
−∞∑
k=−1
qk
2/2(−qβz−1e−2πiλ)k −
∞∑
k=jn
qk
2/2(−zq−βe2πiλ)k
+
jn−1∑
k=1
qk
2/2(−zq−βe2πiλ)k {f(k, n)− 1}+
jn−1∑
k=1
qk
2/2(−zq−βe2πiλ)kf(k, n){q−kan − 1}
+
∞∑
k=jn
qk
2/2(−zq−βe2πiλ)kf(k, n)q−kan
=
−1∑
k=−∞
qk
2/2(−qβz−1e−2πiλ)k + s21 + s22 + s23 + s24.
Then,
|s21 + s24| ≤ 2
∞∑
k=jn
qk
2/2(|z|q−1−β)k ≤ 2 |z|jn qj2n/2−(β+1)jn
∞∑
k=0
qk
2/2(|z|q−1−β+jn)k
(180)
≤ 2θ3(|z|−1qβ ;√q) |z|jn qj
2
n/2−(β+1)jn ,
(181) |s22| ≤ 2q
kn
1− q
∞∑
k=1
qk
2/2(|z|q−β)k ≤ 2q
kn
1− q θ3(|z|
−1qβ ;
√
q),
and
(182) |s23| ≤ 3 logn
nρ
∞∑
k=0
qk
2/2(|z|q−β)k ≤ 3 logn
nρ
θ3(|z|−1qβ;√q)
for n suiently large. Hene
(183)
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
−1∑
k=−∞
qk
2/2(−qβz−1e−2πiλ)k + r2(n),
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where
(184) r2(n) = s21 + s22 + s23 + s24,
and
(185) |r2(n)| ≤ 3θ3(|z|−1qβ ;√q)
{
logn
nρ
+
qkn
1− q + |z|
jn qj
2
n/2−(β+1)jn
}
for n suiently large. Therefore,
(186)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qβe−2πiλ;
√
q
)
+ rqe(n|6),
with
|rqe(n|6)| ≤ 6θ3(|z|−1qβ;√q)
{
log n
nρ
+
qkn
1− q + |z|
jn qj
2
n/2−(β+1)jn +
qj
2
n/2+(β−1)jn
|z|jn
}(187)
for n suiently large.
2.2.6. Proof for ase 7. Observe that
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
m∑
k=0
qk
2/2(−qβ1z−1e−2πiβ2)kqkane−2πikbne(k, n)
(188)
=
∞∑
k=0
qk
2/2(−qβ1z−1e−2πiβ2)k −
∞∑
k=jn
qk
2/2(−qβ1z−1e−2πiβ2)k
+
jn−1∑
k=0
qk
2/2(−qβ1z−1e−2πiβ2)k {qkan − 1}+ jn−1∑
k=0
qk
2/2(−qβ1z−1e−2πiβ2)kqkan {e(k, n)− 1}
+
jn−1∑
k=0
qk
2/2(−qβ1z−1e−2πiβ2)kqkan {e−2πikbn − 1} e(k, n)
+
m∑
k=jn
qk
2/2(−qβ1z−1e−2πiβ2)kqkane−2πikbne(k, n)
=
∞∑
k=0
qk
2/2(−qβ1z−1e−2πiβ2)k + s11 + s12 + s13 + s14 + s15.
For n suiently large we have
|s11 + s15| ≤ 2
∞∑
k=jn
qk
2/2(qβ1−1|z|−1)k ≤ 2q
j2n/2+(β1−1)jn
|z|jn
∞∑
k=0
qk
2/2(qβ1−1+jn |z|−1)k(189)
≤ 2q
j2n/2+(β1−1)jn
|z|jn θ3(|z|
−1qβ1 ;
√
q),
(190) |s12| ≤ 3 logn
nρ
∞∑
k=0
qk
2/2(qβ1 |z|−1)k ≤ 3 logn
nρ
θ3(|z|−1qβ1 ;√q),
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(191) |s13| ≤ 2q
kn
1− q
∞∑
k=0
qk
2/2(qβ1 |z|−1)k ≤ 2q
kn
1− q θ3(|z|
−1qβ1 ;
√
q),
and
(192) |s14| ≤ 24 logn
nρ
θ3(|z|−1qβ1 ;√q).
Hene,
(193)
(q; q)∞s1
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=0
qk
2/2(−qβ1z−1e−2πiβ2)k + r1(n),
where,
(194) r1(n) = s11 + s12 + s13 + s14 + s15,
and
(195) |r1(n)| ≤ 27θ3(|z|−1qβ1 ;√q)
{
qj
2
n/2+(β1−1)jn
|z|jn +
qkn
1− q +
log n
nρ
}
for n suiently large.
Similarly,
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
∞∑
k=1
qk
2/2(−zq−β1e2πiβ2)kf(k, n)e2πikbnq−kan
(196)
=
−1∑
k=−∞
qk
2/2(−qβ1z−1e−2πiβ2)k −
∞∑
k=jn
qk
2/2(−zq−β1e2πiβ2)k
+
jn−1∑
k=1
qk
2/2(−zq−β1e2πiβ2)k {f(k, n)− 1}+
jn−1∑
k=1
qk
2/2(−zq−β1e2πiβ2)kf(k, n){q−kan − 1}
+
jn−1∑
k=1
qk
2/2(−zq−β1e2πiβ2)kf(k, n)q−kan {e2πikbn − 1}
+
∞∑
k=jn
qk
2/2(−zq−β1e2πiβ2)kf(k, n)e2πikbnq−kan
=
−1∑
k=−∞
qk
2/2(−qβ1z−1e−2πiβ2)k + s21 + s22 + s23 + s24 + s25.
For n suiently large we have
|s21 + s25| ≤ 2
∞∑
k=jn
qk
2/2(|z|q−β1−1)k ≤ 2qj2n/2−(β1+1)jn |z|jn
∞∑
k=0
qk
2/2(|z|qjn−β1−1)k(197)
≤ 2qj2n/2−(β1+1)jn |z|jnθ3(|z|−1qβ1 ;√q),
(198) |s22| ≤ 2q
kn
1− q
∞∑
k=1
qk
2/2(|z|q−β1)k ≤ 2q
kn
1− q θ3(|z|
−1qβ1 ;
√
q),
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(199) |s23| ≤ 3 logn
nρ
∞∑
k=1
qk
2/2(|z|q−β1)k ≤ 3 logn
nρ
θ3(|z|−1qβ1 ;√q)
and
|s24| ≤ 24 logn
nρ
θ3(|z|−1qβ1 ;√q).(200)
Hene,
(201)
(q; q)∞s2
(−ze2πinθ)mqm(nτ+m/2) =
−1∑
k=−∞
qk
2/2(−qβ1z−1e−2πiβ2)k + r2(n),
where,
(202) r2(n) = s21 + s22 + s23 + s24 + s25,
and
(203) |r2(n)| ≤ 27θ3(|z|−1qβ1 ;√q)
{
logn
nρ
+
qkn
1− q + q
j2n/2−(β1+1)jn |z|jn
}
.
Therefore,
(204)
Eq(−qns+1/2z)(q; q)∞
(−ze2πinθ)mqm(nτ+m/2) = θ4
(
z−1qβ1e−2πiβ2 ;
√
q
)
+ rqe(n|7),
where,
(205) rqe(n|7) = r1(n) + r2(n),
with
(206)
|rqe(n|7)| ≤ 54θ3(|z|−1qβ1 ;√q)
{
logn
nρ
+
qkn
1− q + q
j2n/2−(β1+1)jn |z|jn + q
j2n/2+(β1−1)jn
|z|jn
}
for n suiently large.
2.3. Proofs For Corollary 2.2.
2.3.1. Proof for ase 1. We notie that
(207)
qnτ+1/2
1− q = O
(
nae−2πτn
1−a
)
for n suiently large. Then from (92) and (93) we have,
(208) Eq(− exp 2π(u − n1−aτ − n−a/2)) = 1 +O
(
nae−2πτn
1−a
)
as n→∞.
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2.3.2. Proof for ase 2. From (91), 10 and (98) we have
(209)
(
qkn
1− q +
qk
2
n/2+λkn
|z|kn
)
eπn
a/4 = O
(
e−2πn
a
)
as n→∞. From (31) and (32) we have
θ3
(
z−1qλ;
√
q
)
= θ3(n
−aλi+ ui|n−ai)(210)
=
√
naeπn
−a(nau+λ)2θ3(n
au+ λ|nai)
=
√
naeπn
−a(nau+λ)2
{
1 +O
(
e−πn
a
)}
,
and
θ4
(
z−1qλ;
√
q
)
= θ4(n
−aλi + ui|n−ai)(211)
=
√
naeπn
−a(nau+λ)2θ2(n
au+ λ|nai)
= 2
√
na exp
(
πn−a(nau+ λ)2 − πn
a
4
)
cosπ(nau+ λ)
{
1 +O
(
e−2πn
a
)}
,
and
(212)
1
(q; q)∞
=
exp (πna/12− πn−a/12)√
na
{
1 +O
(
e−2πn
a
)}
for n suiently large.
Then,
Eq(− exp 2π(u− n1−aτ − n−a/2))(213)
=
2 exp
(
πn−a(nau− nτ)2) {cosπ(nau+ λ) +O (e−2πna)}
(−1)λ+nτ exp (πna/6 + πn−a/12)
for n suiently large.
2.4. Proof for Corollary 2.3.
2.4.1. Proof for ase 1. Sine
(214) qnτ+1/2 = O
(
logn exp
(
− 2nπτ
γ logn
))
as n→∞, then
(215) Eq
(
− exp 2π
(
u− nτ + 1/2
γ logn
))
= 1 +O
(
logn exp
(
− 2nπτ
γ log n
))
for n suiently large.
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2.4.2. Proof for ase 2. In this ase we have
θ3(z
−1qλ;
√
q) = θ3
(
ui+
λi
γ logn
| i
γ log n
)
(216)
=
√
γ logn exp
(γu logn+ λ)
2
γ logn
θ3 (γu logn+ λ | iγ logn)
=
√
γ logn exp
(γu logn+ λ)2
γ logn
{
1 +O(n−πγ)} ,
and
θ4(z
−1qλ;
√
q) = θ4
(
ui+
λi
γ logn
| i
γ log n
)
(217)
=
√
γ logn exp
(γu logn+ λ)
2
γ logn
θ2 (γu logn+ λ | iγ logn)
= 2n−πγ/4
√
γ logn exp
(γu logn+ λ)
2
γ logn
× cosπ(γu logn+ λ){1 +O(n−2πγ)} ,
and
(218)
1
(q; q)∞
=
nγπ/12 exp
(
− π12γ logn
)
√
γ logn
{
1 +O(n−2πγ)}
as n→∞. Thus,
Eq
(
− exp 2π
(
u− nτ + 1/2
γ logn
))
= exp
(
π(γu logn− nτ)2
γ logn
− π
12γ logn
)
(219)
× 2
{
cosπ(γu logn+ λ) +O(n−2πγ)}
(−1)τn+λnγπ/6
as n→∞.
2.4.3. Proof for ase 3. A similar alulation to get
Eq
(
− exp 2π
(
u− nτ + 1/2
γ logn
))
= exp
(
π(γu logn− nτ)2
γ logn
− π
12γ logn
)(220)
× 2
{
cosπ(γu logn+ β) +O(n−8ρ/9 logn)}
(−1)mn2ρ/27
as n→∞, where
(221) γ =
4ρ
9π
.
3. Ramanujan Funtions
Ramanujan funtion Aq(z) (??), whih is also alled q-Airy funtion in the litera-
ture, appears repeatedly in Ramanujan's work starting from the Rogers-Ramanujan
identities, where Aq(−1) and Aq(−q) are expressed as innite produts, [3℄, to
properties of and onjetures about its zeros, [5, 6, 10, 16℄. It is alled q-Airy
funtion beause it appears repeatedly in the Planherel-Rotah type asymptotis
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of q-orthogonal polynomials, just like the lassial Airy funtion in the lassial
Planherel-Rotah asymptotis of lassial orthogonal polynomials [25, 13, 7, 8℄.
Apply inequalities in (13), we have
(222)
∣∣A′q(z)∣∣ ≤ q1− qAq(−|z|), z ∈ C,
and
(223) |Aq((1 − q)z)| ≤ eq|z|, z ∈ C,
or
(224) |Aq(z)| ≤ eq|z|/(1−q), z ∈ C.
Similar to Eq(z) ase, we ould prove that
(225) lim
q→1
Aq((1− q)z) = e−z, z ∈ C.
Hene, Aq(z) is really one of many q-analogues of the exponential funtion e
−z
.
For any nonzero omplex number z, then,
|Aq(z)| ≤
∞∑
k=0
qk
2/2
(q; q)k
(
qk/2 |z|
)k
,(226)
learly, the terms qk
2/2|z|k are bounded by
(227) exp
{
− log
2 |z|
2 log q
}
,
for k = 0, 1, ..., thus,
|Aq(z)| ≤ exp
{
− log
2 |z|
2 log q
} ∞∑
k=0
qk
2/2
(q; q)k
(228)
≤ (−√q; q)∞ exp
{
− log
2 |z|
2 log q
}
,
or we have
|Aq(z)| ≤ (−√q; q)∞ exp
{
− log
2 |z|
2 log q
}
(229)
for any nonzero omplex number z.
3.1. Asymptoti Formulas for Aq(z). Assume that
(230) s = 2τ +
2πiθ
log q
, τ, θ ∈ R,
then for any omplex number z we have
(231) Aq(q
nsz) =
∞∑
k=0
qk
2
(q; q)k
(−q2nτze2nπiθ)k.
Theorem. For any nonzero omplex number z, let
(232) jn =
⌊
q4 logn
− log q
⌋
, kn =
⌊−nτ
2
⌋
,
we have the following for Ramanujan funtion Aq(z):
PLANCHEREL-ROTACH ASYMPTOTICS FOR q-SERIES 27
(1) If τ > 0, then,
(233) Aq(q
nsz) = 1 + rrf (n|1),
and
(234) |rrf (n|1)| ≤ |z|q
2nτ+1
1− q exp
( |z|q2nτ+1
1− q
)
.
(2) Assume that τ = 0, if for some xed real numbers β and ρ ≥ 1 there are
innitely many positive integers n suh that
(235) nθ = m+ β + bn, |bn| < 1
nρ
, m ∈ Z,
then,
(236) Aq(q
nsz) = Aq
(
ze2πiβ
)
+ rrf (n|3),
and
(237) |rrf (n|3)| ≤ 24 exp
( |z|q
1− q
){
logn
nρ
+
qjn |z|jn
jn!(1− q)jn
}
for n suiently large.
(3) Assume that τ < 0. If for some xed rational numbers λ and λ1 there are
innitely many positive integers n suh that
(238) − nτ = m+ λ, m ∈ N, nθ = m1 + λ1, m1 ∈ Z,
then,
Aq(q
nsz)(q; q)∞
(−ze2πinθ)mqm(2nτ+m) = θ4
(
z−1q2λe−2πiλ1 ; q
)
+ rrf (n|4),(239)
and
|rrf (n|4)| ≤ 4θ3
(|z|−1q2λ; q)
{
qkn
1− q +
qk
2
n+2λkn
|z|kn
}
(240)
for n suiently large.
(4) Assume that τ < 0. If for some xed real numbers β, λ and ρ ≥ 1 there
exists innitely many positive integers n suh that
(241) − nτ = m+ λ, m ∈ N, nθ = m1 + β + bn, |bn| < 1
nρ
, m1 ∈ Z,
then,
Aq(q
nsz)(q; q)∞
(−ze2πinθ)mqm(2nτ+m) = θ4
(
z−1q2λe−2πiβ ; q
)
+ rrf (n|5),(242)
and
|rrf (n|5)| ≤ 48θ3
(|z|−1q2λ; q)
{
qj
2
n+2λjn
|z|jn
+ |z|jn qj2n−2λjn + q
kn
1− q +
log n
nρ
}(243)
for n suiently large.
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(5) Assume that τ < 0. If for some xed real numbers λ, β and ρ ≥ 1 there
exist innitely many positive integers n suh that
(244) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N, nθ = m1 + λ m1 ∈ Z,
then,
Aq(q
nsz)(q; q)∞
(−ze2πinθ)mqm(2nτ+m) = θ4
(
z−1q2βe−2πiλ; q
)
+ rrf (n|6),(245)
and
|rrf (n|6)| ≤ 12θ3
(|z|−1q2β ; q)
{
qj
2
n+2(β−1)jn
|z|jn
+ |z|jn qj2n−2(β+1)jn + q
kn
1− q +
logn
nρ
}(246)
for n suiently large.
(6) Assume that τ < 0. If for some xed real numbers β1, β2 and ρ > 0 there
exists innitely many positive integers n suh that
(247) − nτ = m+ β1 + an, m ∈ N, |an| < 1
nρ
,
and
(248) nθ = m1 + β2 + bn, m1 ∈ Z, |bn| < 1
nρ
,
then,
Aq(q
nsz)(q; q)∞
(−ze2πinθ)mqm(2nτ+m) = θ4
(
z−1q2β1e−2πiβ2 ; q
)
+ rrf (n|7),(249)
and
|rrf (n|7)| ≤ 54θ3
(|z|−1q2β1 ; q)
{
qj
2
n+2(β1−1)jn
|z|jn
+ |z|jn qj2n−2(β1+1)jn + q
kn
1− q +
logn
nρ
}(250)
for n suiently large.
In the following orollaries, we let
(251) z := e2πu, u ∈ R.
Corollary 3.1. Assume that
(252) 0 < a <
1
2
, n ∈ N, q = exp(−πn−a),
we have the following results for Aq(z):
(1) Assume that τ > 0, we have
(253) Aq(exp 2π(u− n1−aτ)) = 1 +O
(
na exp(−2πτn1−a))
for n suiently large.
(2) Assume that τ < 0, if for some xed real number λ, there are innitely
many m and n > 0 suh that
(254) − nτ = m+ λ, m ∈ N.
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Then,
Aq
(
exp
(
2π(u− n1−aτ)))(255)
=
√
2 exp
{
πn−a(nau− τn)2}{cosπ(nau+ λ) +O(e−2πna)}
(−1)τn+λ exp
{
πn−a
24 +
πna
12
}
as n suiently large.
Similarly, we have the following:
Corollary 3.2. Assume that
(256) q = exp(− π
γ logn
), n ≥ 2, γ > 0,
we have the following results for Aq(z):
(1) Assume that τ > 0, we have
(257) Aq
(
exp 2π
(
u− nτ
γ logn
))
= 1 +O
(
logn exp
(
− 2πnτ
γ logn
))
for n suiently large.
(2) Assume that τ < 0 and for some xed real number λ, there are innitely
many m and n > 0 suh that
(258) − nτ = m+ λ, m ∈ N.
Then,
Aq
(
exp 2π
(
u− nτ
γ logn
))
(259)
=
√
2
exp
(
π(uγ logn−τn)2
γ logn
){
cosπ(uγ logn+ λ) +O(n−2πγ)}
(−1)nτ+λnπγ/12 exp
(
π
24γ log n
)
for n suiently large.
(3) Assume that τ < 0, if for some xed real numbers β, ρ > 0 and λ there
exist innitely many positive integers n suh that
(260) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N,
then for eah of suh n, we have
Aq
(
exp 2π
(
u− nτ
γ logn
))
(261)
=
√
2
exp
(
π(uγ logn−τn)2
γ logn
){
cosπ(uγ logn+ β) +O(n−8ρ/9 logn)}
(−1)mnρ/27 exp
(
π
24γ logn
)
for n suiently large, where
(262) γ =
4ρ
9π
.
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3.1.1. Proof for Theorem 4.1. Assume that τ < 0 and
(263) − nτ = m+ cn, m ∈ N, nθ = m1 + dn, m1 ∈ Z,
then,
Aq(q
nsz) =
∞∑
k=0
qk
2
(q; q)k
(−ze2πinθq2nτ)k(264)
=
m∑
k=0
qk
2
(q; q)k
(−ze2πinθq2nτ)k + ∞∑
k=m+1
qk
2
(q; q)k
(−ze2πinθq2nτ )k
= s1 + s2.
Reverse summation order in s1,
(q; q)∞s1
(−ze2πinθ)mqm(2nτ+m) =
m∑
k=0
qk
2
(−q2cnz−1e−2πidn)ke(k, n),(265)
where
(266) e(k, n) =
(q; q)∞
(q; q)m−k
,
then
(267) |e(k, n)| ≤ 1
for 0 ≤ k ≤ m. From Lemma 1.1 we have
(268) |e(k, n)− 1| = |r1 (q;m− k)| ≤ 2q
2+kn
1− q .
for 0 ≤ k ≤ kn − 1 and n suiently large.
We shift the summation index from k to k +m in s2,
(q; q)∞s2
(−ze2πinθ)mqm(2nτ+m) =
∞∑
k=1
qk
2
(−zq−2cne2πidn)kf(k, n),(269)
where
(270) f(k, n) =
(q; q)∞
(q; q)m+k
,
thus,
(271) |f(k, n)| ≤ 1,
and
(272) |f(k, n)− 1| = |r1 (q;m+ k)| ≤ 2q
2+kn
1− q
for k ∈ N and n suiently large. The rest are very similar to the orresponding
proofs for Eq(z).
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3.2. Proofs for Corollary 3.1. Notie that
(273)
1
(q; q)∞
=
exp(πna/6− πn−a/24)√
2na
{
1 +O(e−4πna)
}
,
and
θ4
(
z−1q2λ; q
)
= θ4(ui+ iλn
−a|n−ai)(274)
=
√
na exp
{
π(nau+ λ)2
na
}
θ2 (n
au+ λ | nai)
= 2
√
na exp
{
π(nau+ λ)2
na
− πn
a
4
}
× cosπ(nau+ λ)
{
1 +O(e−2πna)
}
,
and
θ3
(|z|−1q2λ; q) = θ3(ui+ λin−a|n−ai)(275)
=
√
na exp
{
π(nau+ λ)2
na
}
θ3 (n
au+ λ | nai)
=
√
na exp
{
π(nau+ λ)2
na
}{
1 +O(e−πna)
}
,
The rest of the proof for this orollary are very similar to the Eq(z) ase.
3.3. Proof for Corollary 3.2. Observe that
(276)
1
(q; q)∞
=
nπγ/6 exp
(
− π24γ logn
)
√
2γ logn
{
1 +O(n−4πγ)} ,
and
θ3(z
−1q2λ; q) = θ3
(
ui+ i
λ
γ logn
| i
γ logn
)
(277)
=
√
γ logn exp
(
π(uγ logn+ λ)2
γ logn
)
θ3(uγ logn+ λ | iγ logn)
=
√
γ logn exp
(
π(uγ logn+ λ)2
γ logn
){
1 +O(n−πγ)} ,
and
θ4(z
−1q2λ; q) = θ4
(
ui+ i
λ
γ logn
| i
γ logn
)
(278)
=
√
γ logn exp
(
π(uγ logn+ λ)2
γ logn
)
θ2(uγ logn+ λ | iγ logn)
= 2n−πγ/4
√
γ logn exp
(
π(uγ logn+ λ)2
γ logn
)
× cosπ(uγ logn+ λ){1 +O(n−2πγ)}
as n→∞. The rest of proof is similar to the proof for Eq(z) ase.
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4. q-Bessel Funtion of Seond Kind
Jakson's q-Bessel funtion of seond kind J
(2)
ν (z; q) is dened as [22, 13, 3, 9, 20℄
(279) J (2)ν (z; q) :=
(qν+1; q)∞
(q; q)∞
∞∑
k=0
qk
2+kν(−1)k
(q, qν+1; q)k
(z
2
)2k+ν
.
In this hapter, we always assume that ν > −1. Clearly,
(280)
∣∣∣J (2)ν (z; q)∣∣∣ ≤ (|z|/2)ν(q; q)∞ Aq
(
−|z|
2qν
4
)
,
and
(281)
∣∣∣J (2)ν (z; q)∣∣∣ ≤ (|z|/2)ν(q; q)∞ exp
{
q1+ν |z|2
4(1− q)
}
.
for any omplex number z.
For any nonzero omplex number z, (223) implies
(282)
∣∣∣J (2)ν (z; q)∣∣∣ ≤ (−
√
q; q)∞
(q; q)∞
( |z|
2
)ν
exp

−
log2
(
|z|2 qν/4
)
2 log q

 .
4.1. Asymptotis for J
(2)
ν (z; q) . From (267) we have
(283)
J
(2)
ν (2qns−ν/2z; q)(q; q)∞
(qν+1; q)∞
(
qns−ν/2z
)ν = ∞∑
k=0
qk
2 (−z2q2ns)k
(q, qν+1; q)k
.
Let
(284) s = τ +
πiθ
log q
, τ, θ ∈ R,
then for any omplex number z we have
(285)
J
(2)
ν (2qns−ν/2z; q)(q; q)∞
(qν+1; q)∞
(
qnτ−ν/2zenπiθ
)ν = ∞∑
k=0
qk
2
(−q2nτz2e2nπiθ)k
(q, qν+1; q)k
.
Theorem. For any nonzero omplex number z, let
(286) jn =
⌊
q4 logn
− log q
⌋
, kn =
⌊−nτ
2
⌋
,
we have the following for the funtion J
(2)
ν (z; q):
(1) When τ > 0 we have
(287)
J
(2)
ν (2qns−ν/2z; q)(q; q)∞
(qν+1; q)∞
(
qns−ν/2z
)ν = 1 + rqb(n|1),
and
(288) |rqb(n|1)| ≤
|z|2 exp (|z|2q2nτ+1/(1− q))
(1− q)(qν+1; q)∞ q
2nτ+1.
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(2) Assume that τ = 0. If for some xed real numbers β and ρ ≥ 1 there are
innitely many positive integers n suh that
(289) nθ = m+ β + bn, |bn| < 1
nρ
, m ∈ Z,
then
(290)
J
(2)
ν (2qns−ν/2z; q)(q; q)∞(
qnτ−ν/2zenπiθ
)ν = J (2)ν (2q−ν/2zeπi(m+β); q)(q; q)∞(
q−ν/2zeπi(m+β)
)ν + rqb(n|3),
and
(291) rqb(n|3)| ≤ 24 exp(q|z|2/(1− q))
{
logn
nρ
+
1
jn!
(
q|z|2
1− q
)jn}
for n suiently large.
(3) Assume that τ < 0. If for some xed real numbers λ and λ1 there are
innitely many positive integers n suh that
(292) − nτ = m+ λ, m ∈ N, nθ = m1 + λ1, m1 ∈ Z,
then,
J
(2)
ν (2qns−ν/2z; q)(q; q)2∞e
−nπiθ(2m+ν)
(−1)mzν+2mqm(2nτ+m)+nντ−ν2/2 = θ4
(
z−2q2λe−2πiλ1 ; q
)
+ rqb(n|4),(293)
and
|rqb(n|4)| ≤ 12θ3
(|z|−2q2λ; q)
{
qkn
(1 − q) +
qk
2
n+2λkn
|z|2kn
}
(294)
for n suiently large.
(4) Assume that τ < 0. If for some xed real numbers β, λ and ρ ≥ 1 there
exist innitely many positive integers n suh that
(295) − nτ = m+ λ, m ∈ N, nθ = m1 + β + bn, |bn| < 1
nρ
, m1 ∈ Z,
then,
J
(2)
ν (2qns−ν/2z; q)(q; q)2∞e
−nπiθ(2m+ν)
(−1)mzν+2mqm(2nτ+m)+nντ−ν2/2 = θ4
(
z−2q2λe−2πiβ ; q
)
+ rrf (n|5),(296)
and
|rrf (n|5)| ≤ 48θ3
(|z|−2q2λ; q)
{
qj
2
n+2λjn
|z|2jn
+ |z|2jn qj2n−2λjn + q
kn
(1 − q) +
logn
nρ
}(297)
for n suiently large.
(5) Assume that τ < 0. If for some xed real numbers β, λ and ρ ≥ 1 there
exist innitely many positive integers n suh that
(298) − nτ = m+ β + an, m ∈ N, |an| < 1
nρ
, nθ = m1 + λ m1 ∈ Z,
then,
J
(2)
ν (2qns−ν/2z; q)(q; q)2∞e
−nπiθ(2m+ν)
(−1)mzν+2mqm(2nτ+m)+nντ−ν2/2 = θ4(q
2βz−2e−2πiλ; q) + rqb(n|6),(299)
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and
|rqb(n|6)| ≤12θ3(|z|−2q2β ; q)
{
qj
2
n+2(β−1)jn
|z|2jn + |z|
2jnqj
2
n−2(β+1)jn +
qkn
1− q +
logn
nρ
}(300)
for n suiently large.
(6) Assume that τ < 0. If for some xed real numbers β1, β2 and ρ > 0 there
exist innitely many positive integers n suh that
(301) − nτ = m+ β + an, m ∈ N, |an| < 1
nρ
,
and
(302) nθ = m1 + β + bn, m1 ∈ Z, |bn| < 1
nρ
.
Then,
J
(2)
ν (2qns−ν/2z; q)(q; q)2∞e
−nπiθ(2m+ν)
(−1)mzν+2mqm(2nτ+m)+nντ−ν2/2 = θ4(q
2β1z−2e−2πiβ2 ; q) + rqb(n|7),(303)
and
|rqb(n|7)| ≤ 156θ3(q2β1 |z|−2; q)
{
qj
2
n+2(β1−1)jn
|z|2jn + |z|
2jnqj
2
n−2(β1+1)jn +
qkn
1− q +
logn
nρ
}(304)
for n suiently large.
In the following orollaries we let
(305) z := eπu, u ∈ R.
Corollary 4.1. Assume that
(306) q = exp(−n−aπ), 0 < a < 1
2
, n ∈ N,
we have the following results for J
(2)
ν (z; q):
(1) Assume that τ > 0, we have
J (2)ν (2 expπ(u − τn1−a + νn−a/2); exp(−n−aπ))(307)
=
naν exp(πνu − πτn1−a + ν2n−aπ/2)
(2π)ν
{
1
Γ(ν + 1)
+ o(1)
}
.
for n suiently large.
(2) Assume that τ < 0 and for some xed real number λ there are innitely
many positive integers n suh that
(308) − nτ = m+ λ, m ∈ N.
Then
J (2)ν (2 expπ(u − τn1−a + νn−a/2); exp(−n−aπ))(309)
= exp
(
π
na
(nau+ ν/2− τn)2 + πn
a
12
+
πν2n−a
4
− πn
−a
12
)
× (−1)λ+nτn−a
{
cosπ(nau+ λ) +O(e−2πna)
}
for n suiently large.
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Similarly, we have the following:
Corollary 4.2. Assume that
(310) q = exp(− π
γ logn
), n ≥ 2, γ > 0,
we have the following results for J
(2)
ν (z; q):
(1) Assume that τ > 0, we have
J (2)ν
(
2 expπ
(
u− nτ
γ logn
+
ν
2γ log n
)
; exp
(
− π
γ logn
))
(311)
=
(
π
γ logn
)ν
exp
(
πνu+
πν2
2γ logn
− πnντ
γ logn
){
1
Γ(ν + 1)
+ o(1)
}
for n suiently large.
(2) Assume that τ < 0 and for some xed real number λ there are innitely
many positive integers n suh that
(312) − nτ = m+ λ, m ∈ N,
then,
J (2)ν
(
2 expπ
(
u− nτ
γ log n
+
ν
2γ logn
)
; exp
(
− π
γ logn
))
(313)
= exp
{
π(uγ logn− nτ + ν/2)2
γ log n
− π
12γ logn
+
ν2π
4γ logn
}
× (−1)
nτ+λnπγ/12√
γ logn
{
cosπ(γu logn+ λ) +O(n−2πγ)} ,
for n suiently large.
(3) Assume that τ < 0, if for some xed real numbers β, ρ ≥ 1 and λ there
exist innitely many positive integers n suh that
(314) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N,
then,
J (2)ν
(
2 expπ
(
u− nτ
γ log n
+
ν
2γ logn
)
; exp
(
− π
γ logn
))
(315)
= exp
{
π(uγ logn− nτ + ν/2)2
γ log n
− π
12γ logn
+
ν2π
4γ logn
}
× (−1)
mnρ/27√
γ logn
{
cosπ(γu logn+ λ) +O(n−8ρ/9)
}
,
for n suiently large, where
(316) γ =
4ρ
9π
.
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4.2. Proofs for Theorem 4.1. Assume that τ < 0 and
(317) − nτ = m+ cn, m ∈ N, nθ = m1 + dn, m1 ∈ Z,
then,
J
(2)
ν (2qns−ν/2z; q)(q; q)∞
(qν+1; q)∞
(
qnτ−ν/2zenπiθ
)ν = ∞∑
k=0
qk
2
(−q2nτz2e2nπiθ)k
(q, qν+1; q)k
(318)
=
m∑
k=0
qk
2
(−q2nτz2e2nπiθ)k
(q, qν+1; q)k
+
∞∑
k=m+1
qk
2
(−q2nτz2e2nπiθ)k
(q, qν+1; q)k
= s1 + s2,
and reverse summation order in s1,
(q, qν+1; q)∞s1
(−z2e2πinθ)mqm(2nτ+m) =
m∑
k=0
qk
2
(−q2cnz−2e−2πidn)ke(k, n)(319)
with
(320) e(k, n) = (qm−k+1, qν+1+m−k; q)∞,
then
(321) |e(k, n)| ≤ 1
for 0 ≤ k ≤ m. We also have
(322) |e(k, n)− 1| ≤ 6q
kn
1− q ,
for 0 ≤ k ≤ kn − 1 and n suiently large. This ould be seen by expanding
(323) e(k, n)− 1 = {r1 (q;m− k) + 1}
{
r1
(
qν+1;m− k)+ 1}− 1
and estimating eah terms by Lemma (1.1) to obtain
We shift the summation index from k to k +m in s2,
(q, qν+1; q)∞s2
(−z2e2πinθ)mqm(2nτ+m) =
∞∑
k=1
qk
2
(−z2q−2cne2πidn)kf(k, n),(324)
and
(325) f(k, n) = (qm+k+1, qν+1+m+k; q)∞.
Thus,
(326) |f(k, n)| ≤ 1
for k ∈ N. Expand
(327) f(k, n)− 1 = {r1 (q;m+ k) + 1}
{
r1
(
qν+1;m+ k
)
+ 1
}− 1,
and estimate eah term by Lemma (1.1) to obtain
(328) |f(k, n)− 1| ≤ 6q
kn
1− q
for k ∈ N and n suiently large. The rest of proof is similar to the orresponding
proof for Eq(z).
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4.3. Proofs for Corollary 4.2. The q-Gamma funtion is dened as [6, 9, 13, 20℄
(329) Γq(x) =
(q; q)∞
(qx; q)∞
(1− q)1−x x ∈ C.
It is a q-analogue of Γ(x),
(330) lim
q→1
Γq(x) = Γ(x).
Thus
(331)
(qν+1; q)∞(1− q)ν
(q; q)∞
=
1
Γ(ν + 1)
+ o(1)
as n suiently large.
We also have
θ4(z
−2q2λ; q) = θ4(ui+ λn−ai|n−ai)(332)
=
√
na exp
π
na
(nau+ λ)2θ2 (n
au+ λ | nai)
= 2
√
na exp
(
π
na
(nau+ λ)2 − πn
a
4
)
× cosπ(nau+ λ)
{
1 +O(e−2πna)
}
,
and
θ3
(|z|−2q2λ; q) = θ3(ui+ λn−ai|n−ai)(333)
=
√
na exp
π
na
(nau+ λ)2θ3 (n
au+ λ | nai)
=
√
na exp
π
na
(nau+ λ)2
{
1 +O(e−πna)
}
as n→∞. The rest of the proof is similar to orresponding proof for Eq(z) ase.
4.4. Proof for Corollary 4.2. Notie that
(334)
1
(q; q)∞
=
nπγ/6
{
1 +O (n−4πγ)}
√
2γ logn exp
(
π
24γ log n
) ,
and
θ4(z
−2q2λ; q) = θ4
(
ui+
iλ
γ logn
| i
γ logn
)
(335)
=
√
γ logn exp
π(uγ logn+ λ)2
γ logn
θ2 (γu logn+ λ | iγ logn)
= 2n−πγ/4
√
γ logn exp
(
π(uγ logn+ λ)2
γ logn
)
× cosπ(γu logn+ λ){1 +O(n−2πγ)} ,
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and
θ3(z
−2q2λ; q) = θ3
(
ui+
iλ
γ logn
| i
γ logn
)
(336)
=
√
γ logn exp
π(uγ logn+ λ)2
γ logn
θ3 (γu logn+ λ | iγ logn)
=
√
γ logn exp
π(uγ logn+ λ)2
γ logn
{
1 +O(n−πγ)}
as n→∞, and the rest of the proof is similar to the orresponding proof for Eq(z).
5. Ismail-Masson Orthogonal Polynomials
Ismail-Masson polynomials {hn(x|q)}∞n=0 are dened as [13℄
(337) hn(sinh ξ|q) =
n∑
k=0
(q; q)nq
k(k−n)(−1)ke(n−2k)ξ
(q; q)k(q; q)n−k
.
Ismail-Masson polynomials ome from an indeterminate moment problem. Ismail-
Masson orthogonal polynomials satisfy the following orthogonality
∫ ∞
−∞
hm(x|q)hn(x|q)wim(x)dx = q−n(n+1)/2(q; q)nδm,n,(338)
where
wim(x) :=q
1/8
√ −2
π log q
exp
(
2 log2(x+
√
x2 + 1)
log q
)
.(339)
The orresponding orthonormal Ismail-Masson funtions are given by
(340) hn(x‖q) := qn(n+1)/4
√
wim(x)
(q; q)n
hn(x|q).
Let
(341) s =
1 + 2τ
2
+ i
θπ
log q
, sinh ξn :=
q−nsz − qnsz−1
2
, τ, θ ∈ R,
for any nonzero omplex number z, then
(342)
hn(sinh ξn|q)
znq−n2s
=
n∑
k=0
qk
2
(q; q)ne
2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z2
)k
.
Obviously,
|hn(sinh ξn|q)| ≤ |z|
n
qn2(τ+1/2)
∞∑
k=0
qk
2
(q; q)k
(
q2τn
|z|2
)k
≤
|z|nAq
(
− q2τn|z|2
)
qn2(τ+1/2)
,(343)
or
(344) |hn(sinh ξn|q)| ≤
(−√q; q)∞|z|(4τ+1)n
q2n2(τ+1/2)2
exp
(
−2 log
2 |z|
log q
)
.
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5.1. Asymptoti Formulas For Ismail-Masson Polynomials.
Theorem 5.1. Given any nonzero omplex number z, let s and ξn be dened as
in (340) and
(345) jn =
⌊
q4 logn
log q−1
⌋
, kn = min
{⌊
(τ + 1)n
2
⌋
,
⌊−τn
2
⌋}
,
we have the following results for Ismail-Masson polynomials:
(1) Assume that τ > 0, we have
(346)
hn(sinh ξn|q)
znq−n2s
= 1 + rim(n|1),
and
(347) |rim(n|1)| ≤
exp
(
q2τn+1/(|z|2 (1 − q))
)
|z|2 (1 − q) q
2τn+1.
(2) Assume that τ = 0. If for any xed real number λ there are innitely many
positive integers n suh that
(348) nθ = m+ λ, m ∈ Z,
then,
(349)
hn(sinh ξn|q)
znq−n2s
= Aq
(
e2λπi
z2
)
+ rim(n|2),
and
(350) |rim(n|2)| ≤ 6Aq(−|z|
−2)
(q; q)∞
{
qn/2 +
q⌊n/2⌋
2
|z|2⌊n/2⌋
}
.
for n is suiently large.
(3) Assume that τ = 0. If for xed real numbers β and ρ ≥ 1 there are innitely
positive integers n suh that
(351) nθ = m+ β + bn |bn| < 1
nρ
, m ∈ Z,
then,
(352)
hn(sinh ξn|q)
znq−n2s
= Aq
(
e2πiβ
z2
)
+ eim(n|3),
and
(353) |eim(n|3)| ≤ 24 exp
(
q
|z|2 (1− q)
){
logn
nρ
+
qn/2
1− q +
(|z|2(q−1 − 1))−jn
jn!
}
,
for n suiently large.
(4) Assume that − 12 < τ < 0. If for some xed real numbers λ and λ1 there
are innite number of positive integers n suh that
(354) − nτ = m+ λ, m ∈ N, nθ = m1 + λ1, m1 ∈ Z,
then,
hn(sinh ξn|q) = z
nq−n
2s+m(2τn+m)
(q; q)∞ (−z2e−2πiλ1)m
{
θ4
(
z2q2λe−2πiλ1 ; q
)
+ rim(n|4)
}
,(355)
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and
|rim(n|4)| ≤ 28θ3
(
|z|2 q2λ; q
){ qkn
1− q + |z|
2knqk
2
n+2λkn + |z|−2knqk2n−2λkn
}
.
(356)
for n suiently large.
(5) Assume that − 12 < τ < 0. If for some xed real numbers β, λ and ρ ≥ 1
there are innitely many positive integers n suh that
(357) nθ = m1 + β + bn, |bn| < 1
nρ
, m1 ∈ Z, −nτ = m+ λ, m ∈ N,
then,
hn(sinh ξn|q) = z
nq−n
2s+m(2τn+m)
(−z2e−2nθπi)m(q; q)∞
{
θ4
(
z2q2λe−2βπi; q
)
+ rim(n|5)
}
,(358)
and
|rim(n|5)| ≤ 24θ3(|z|2q2λ; q)
{
|z|−2jnqj2n−2λjn + |z|2jnqj2n+2λjn + q
kn
1− q +
logn
nρ
}(359)
for n suiently large.
(6) Assume that − 12 < τ < 0. If for xed real numbers β, λ and ρ ≥ 1 there
are innitely many positive integers n suh that
(360) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N, nθ = m1 + λ, m1 ∈ Z,
then,
hn(sinh ξn|q) = z
nq−n
2s+m(2τn+m)
(−z2e−2nθπi)m(q; q)∞
{
θ4
(
z2q2βe−2λπi; q
)
+ rim(n|6)
}
,(361)
and
(362)
|rim(n|6)| ≤ 12θ3(|z|2q2β; q)
{
logn
nρ
+
qkn
1− q + |z|
2jnqj
2
n+2(β−1)jn + |z|−2jnqj2n−2(β+1)jn
}
for n suiently large.
(7) Assume that − 12 < τ < 0. If for xed real numbers β1, β2 and ρ > 0 there
are innitely many positive integers n suh that
(363) − τn = m+ β1 + an, |an| < 1
nρ
, m ∈ N,
and
(364) nθ = m1 + β2 + bn, |bn| < 1
nρ
, m1 ∈ Z.
Then,
hn(sinh ξn|q) = z
nq−n
2s+m(2τn+m)
(−z2e−2nθπi)m(q; q)∞
{
θ4
(
z2q2β1e−2β2πi; q
)
+ rim(n|7)
}
,(365)
and
|rim(n|7)| ≤ 54θ3(|z|2q2β1 ; q)
{
logn
nρ
+
qkn
1− q + |z|
2jnqj
2
n+2(β1−1)jn + |z|−2jnqj2n−2(β1+1)jn
}(366)
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for n suiently large.
In the following orollaries we assume that
(367) z = eπu, u ∈ R.
If we let
(368) q = exp(−n−aπ), 0 < a < 1
2
, n ∈ N,
then we have the following results for Ismail-Masson polynomials:
Corollary 5.2. (1) Ifτ > 0, then,
hn
(
sinhπ
(
u+ (τ + 1/2)n1−a
) | exp(−πn−a))(369)
= exp(nπu + (τ + 1/2)πn2−a)
{
1 +O(e−4πna)
}
,
and
hn
(
sinhπ(u + (τ + 1/2)n1−a)‖ exp(−πn−a))(370)
=
1√
π
exp
(−n−aπ(nau+ τn)2)
exp π12 (3n
1−a + n−a − na)
{
1 +O(e−4πna)
}
as n→∞.
(2) Assume that − 12 < τ < 0 and for some xed real number λ there are
innitely many positive integers n suh that
(371) − nτ = m+ λ, m ∈ N,
then,
hn
(
sinhπ
(
u+ (τ + 1/2)n1−a
) | exp(−πn−a))(372)
=
(−1)τn+λ√2{cosπ(nau− λ) +O(e−2πna)}
exp
{
−πn−a(nau+ (τ + 1/2)n)2 − πn2−a4 + πn
a
12 +
πn−a
24
} ,
and
hn
(
sinhπ(u+ (τ + 1/2)n1−a)‖ exp(−πn−a))(373)
=
√
2
π
(−1)τn+λ {cosπ(nau− λ) +O(e−2πna)}
exp
{
n1−aπ
4 +
πn−a
8
}
as n→∞.
If we hoose that
(374) q = exp
(
− π
γ logn
)
, n ≥ 2,
then we have the following:
Corollary 5.3. (1) If τ > 0, then we have
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
| exp
(
− π
γ logn
))
(375)
= expπ
(
nu+
(τ + 1/2)n2
γ log n
)
{1 +O (exp(−2πτn/(γ logn))} ,
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and
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
‖ exp
(
− π
γ logn
))
(376)
==
nγπ/12√
π
exp
(
− πγ logn (uγ logn+ nτ)2
)
exp
(
nπ
4γ logn +
π
12γ log n
) {1 +O(n−4πγ)}
for n suiently large.
(2) Assume that − 12 < τ < 0 and for some xed real number λ there are
innitely many m and n > 0 suh that
(377) − nτ = m+ λ, m ∈ N.
Then,
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
| exp
(
− π
γ logn
))
(378)
=
√
2 exp
(
π
γ logn (uγ logn+ (τ + 1/2)n)
2
)
(−1)λ+τnnπγ/12 exp( π24γ log n − n
2π
4γ logn )
× {cosπ(uγ logn− λ) +O(n−2πγ)} ,
and
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
‖ exp
(
− π
γ logn
))
(379)
=
√
2
π
{
cosπ(uγ logn− λ) +O(n−2πγ)}
(−1)λ+τn exp( π8γ logn + nπ4γ logn )
for n suiently large.
(3) Assume that − 12 < τ < 0, if for some xed real numbers β, ρ ≥ 1 and λ
there exist innitely many positive integers n suh that
(380) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N,
and let
(381) γ =
4ρ
9π
,
then,
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
| exp
(
− π
γ logn
))
(382)
=
√
2 exp
(
π
γ logn (uγ logn+ (τ + 1/2)n)
2
)
(−1)mnπγ/12 exp( π24γ logn − n
2π
4γ logn )
×
{
cosπ(uγ logn− β) +O(n−8ρ/9 log2 n)
}
,
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and
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
‖ exp
(
− π
γ logn
))
(383)
=
√
2
π
{
cosπ(uγ logn− β) +O(n−8ρ/9 log2 n)}
(−1)m exp( π8γ logn + nπ4γ logn )
for n suiently large.
5.2. Proof For Theorem 5.1. In rst three proofs we have used the following
inequalities
(384) 0 <
(q; q)n
(q; q)n−k
≤ 1
for 0 ≤ k ≤ n and
(385)
∣∣∣∣ (q; q)n(q; q)n−k − 1
∣∣∣∣ ≤ 6q1+n/21− q
for 0 ≤ k ≤ ⌊n2 ⌋− 1 and n suiently large. This an be seen by applying Lemma
1.1
(386)
(q; q)n
(q; q)n−k
− 1 = {r1(q;n− k) + 1} {r2(q;n) + 1} − 1.
Assume that
(387) − τn = m+ cn, m ∈ N, nθ = m1 + dn, m1 ∈ Z,
then,
hn(sinhn |q)
znq−n2s
=
n∑
k=0
qk
2
(q; q)ne
2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z2
)k
(388)
=
m∑
k=0
qk
2
(q; q)ne
2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z2
)k
+
n∑
k=m+1
qk
2
(q; q)ne
2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z2
)k
= s1 + s2.
We reverse the summation order in s1 to obtain
(389)
s1(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
m∑
k=0
qk
2 (−z2q2cne−2πidn)k e(k, n),
and
(390) e(k, n) =
(q; q)∞(q; q)n
(q; q)m−k(q; q)n−m+k
.
It is lear that
(391) |e(k, n)| ≤ 1
for 0 ≤ k ≤ m. Expand
e(k, n)− 1 = {r2 (q;n) + 1} {r1 (q;m− k) + 1} {r1 (q;n−m+ k) + 1} − 1(392)
and estimate eah term by Lemma 1.1 to get
(393) |e(k, n)− 1| ≤ 14q
2+kn
1− q
for 0 ≤ k ≤ kn − 1 and n suiently large.
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In sum s2 we shift summation index from k to k +m to get
(394)
s2(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
n−m∑
k=1
qk
2 (−z−2q−2cne2πidn)k f(k, n),
and
(395) f(k, n) =
(q; q)∞(q; q)n
(q; q)m+k(q; q)n−m−k
, |f(k, n)| ≤ 1,
for 1 ≤ k ≤ n−m. Apply Lemma 1.1 to eah term of
f(k, n)− 1 = {r2 (q;n) + 1} {r1 (q;m+ k) + 1} {r1 (q;n−m− k) + 1} − 1,(396)
to obtain
(397) |f(k, n)− 1| ≤ 14q
2+kn
1− q
for 1 ≤ k ≤ kn − 1 for n suiently large.
5.2.1. Proof for ase 1. If we write
(398)
hn(sinh ξn|q)
znq−n2s
= 1 + rim(n|1),
then
(399) rim(n|1) =
n∑
k=1
qk
2
(q; q)ne
2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z2
)k
.
Thus
|rim(n|1)| ≤
∞∑
k=1
qk
2
(q; q)k
(
q2τn
|z|2
)k
≤
∞∑
k=1
1
k!
(
q2τn+1
|z|2 (1− q)
)k
≤ q
2τn+1
|z|2 (1 − q) exp
(
q2τn+1
|z|2 (1− q)
)
.
(400)
5.2.2. Proof for ase 2. We have
hn(sinh ξn|q)
znq−n2s
=
n∑
k=0
qk
2
(q; q)k
(
−e
2λπi
z2
)k
(q; q)n
(q; q)n−k
(401)
=
∞∑
k=0
qk
2
(q; q)k
(
−e
2λπi
z2
)k
−
∞∑
k=⌊n/2⌋
qk
2
(q; q)k
(
−e
2λπi
z2
)k
+
⌊n/2⌋−1∑
k=0
qk
2
(q; q)k
(
−e
2λπi
z2
)k {
(q; q)n
(q; q)n−k
− 1
}
+
n∑
k=⌊n/2⌋
qk
2
(q; q)k
(
−e
2λπi
z2
)k
(q; q)n
(q; q)n−k
= Aq
(
e2λπi
z2
)
+ s1 + s2 + s3.
Then,
|s1 + s3| ≤ 2
∞∑
k=⌊n/2⌋
qk
2
(q; q)k
(
1
|z|2
)k
≤ 2q
⌊n/2⌋2Aq(−|z|−2)
(q; q)∞|z|2⌊n/2⌋ ,(402)
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and
(403) |s2| ≤ 6q
n/2
1 − q Aq(−|z|
−2).
for n suiently large.
Let
(404) rim(n|2) = s1 + s2 + s3,
then,
(405)
hn(sinh ξn|q)
znq−n2s
= Aq
(
e2λπi
z2
)
+ rim(n|2),
and
(406) |rim(n|2)| ≤ 6Aq(−|z|
−2)
(q; q)∞
{
qn/2 +
q⌊n/2⌋
2
|z|2⌊n/2⌋
}
.
5.2.3. Proof for ase 3. In this ase we have
hn(sinh ξn|q)
znq−n2s
=
n∑
k=0
qk
2
(q; q)k
(
−e
2πiβ
z2
)k
(q; q)ne
2πikbn
(q; q)n−k
(407)
=
∞∑
k=0
qk
2
(q; q)k
(
−e
2πiβ
z2
)k
−
∞∑
k=jn
qk
2
(q; q)k
(
−e
2πiβ
z2
)k
+
jn−1∑
k=0
qk
2
(q; q)k
(
−e
2πiβ
z2
)k {
(q; q)n
(q; q)n−k
− 1
}
+
jn−1∑
k=0
qk
2
(q; q)k
(
−e
2πiβ
z2
)k
(q; q)n
(q; q)n−k
{
e2πikbn − 1}
+
n∑
k=jn
qk
2
(q; q)k
(
−e
2πiβ
z2
)k
(q; q)n
(q; q)n−k
e2πikbn = Aq
(
e2πiβ
z2
)
+ s1 + s2 + s3 + s4.
Then,
|s1 + s4| ≤ 2
∞∑
k=jn
qk
2 |z|−2k
(q; q)k
≤ 2
jn!
(
q
|z|2 (1 − q)
)jn
exp
(
q
|z|2 (1− q)
)
.(408)
Given a positive number ρ, sine that
(409) 1 < jn <
n
2
, jn ≤ n
ρ
2π
for n suiently large, learly,
(410) |s2| ≤ 6q
n/2
1− q exp
(
q
|z|2 (1− q)
)
,
and
(411) |s3| ≤ 2πjn
nρ
e2πjn/n
ρ
∞∑
k=0
qk
2 |z|−2k
(q; q)k
≤ 24 logn
nρ
exp
(
q
|z|2 (1− q)
)
.
Let
(412) eim(n|3) = s1 + s2 + s3 + s4,
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then
(413)
hn(sinh ξn|q)
znq−n2s
= Aq
(
e2πiβ
z2
)
+ eim(n|3),
and
(414) |eim(n|3)| ≤ 24 exp
(
q
|z|2 (1− q)
){
logn
nρ
+
qn/2
1− q +
(|z|2(q−1 − 1))−jn
jn!
}
for n suiently large.
5.2.4. Proof for ase 4. Observe that
s1
(−z2e−2πiλ1)m (q; q)∞
qm(2τn+m)
=
∞∑
k=0
qk
2 (−z2q2λe−2πiλ1)k
(415)
−
∞∑
k=kn
qk
2 (−z2q2λe−2πiλ1)k + kn−1∑
k=0
qk
2 (−z2q2λe−2πiλ1)k (e(k, n)− 1)
+
m∑
k=kn
qk
2 (−z2q2λe−2πiλ1)k e(k, n) = ∞∑
k=0
qk
2 (−z2q2λe−2πiλ1)k + s11 + s12 + s13.
Then,
|s11 + s13| ≤ 2
∞∑
k=kn
qk
2
(
|z|2 q2λ
)k
≤ 2|z|2knqk2n+2λkn
∞∑
k=0
qk
2
(
|z|2 q2λ
)k
(416)
≤ 2θ3
(
|z|2 q2λ | q
)
|z|2knqk2n+2λkn ,
and
|s12| ≤ 14q
kn
1− q
∞∑
k=0
qk
2
(|z|2q2λ)k ≤ 14θ3
(
|z|2 q2λ; q
) qkn
1− q(417)
for n suiently large.
Let
(418) r1(n) = s11 + s12 + s13,
then,
(419)
s1
(−z2e−2πiλ1)m (q; q)∞
qm(2τn+m)
=
∞∑
k=0
qk
2 (−z2q2λe−2πiλ1)k + r1(n)
(420) |r1(n)| ≤ 14θ3
(
|z|2 q2λ; q
){
|z|2knqk2n+2λkn + q
kn
1− q
}
for n suiently large.
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Similarly,
s2
(−z2e−2πiλ1)m (q; q)∞
qm(2τn+m)
=
∞∑
k=1
qk
2 (−z−2q−2λe2πiλ1)k
(421)
−
∞∑
k=kn
qk
2 (−z−2q−2λe2πiλ1)k + kn−1∑
k=1
qk
2 (−z−2q−2λe2πiλ1)k (f(k, n)− 1)
+
n−m∑
k=kn
qk
2 (−z−2q−2λe2πiλ1)k f(k, n) = −1∑
k=−∞
qk
2 (−z2q2λe−2πiλ1)k + s21 + s22 + s23.
Then,
|s21 + s23| ≤ 2
∞∑
k=kn
qk
2
(
|z|−2 q−2λ
)k
≤ 2θ3(|z|2q2λ; q)q
k2n−2λkn
|z|2kn ,(422)
and
|s22| ≤ 14q
kn
1− q
∞∑
k=0
qk
2−2λk|z|−2k ≤ 14θ3(|z|2q2λ; q) q
kn
1− q .(423)
for n suiently large.
Let
(424) r2(n) = s21 + s22 + s23,
then,
(425)
s2
(−z2e−2πiλ1)m (q; q)∞
qm(2τn+m)
=
−1∑
k=−∞
qk
2 (−z2q2λe−2πiλ1)k + r2(n),
and
(426) |r2(n)| ≤ 14θ3
(
|z|2 q2λ; q
){ qkn
1− q +
qk
2
n−2λkn
|z|2kn
}
for n suiently large.
Thus,
(427)
(−z2e−2πiλ1)m hn(sinh ξn|q)(q; q)∞
znq−n2s+m(2τn+m)
= θ4
(
z2q2λe−2πiλ1 ; q
)
+ rim(n|4)
with
|rim(n|4)| ≤ 28θ3
(
|z|2 q2λ; q
){ qkn
1− q + |z|
2knqk
2
n+2λkn + |z|−2knqk2n−2λkn
}
(428)
for n suiently large.
PLANCHEREL-ROTACH ASYMPTOTICS FOR q-SERIES 48
5.2.5. Proof for ase 5. In this ase we have
s1(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
m∑
k=0
qk
2 (−z2q2λe−2πiβ)k e−2kπibne(k, n)
(429)
=
∞∑
k=0
qk
2 (−z2q2λe−2πiβ)k − ∞∑
k=jn
qk
2 (−z2q2λe−2πiβ)k
+
jn−1∑
k=0
qk
2 (−z2q2λe−2πiβ)k {e−2kπibn − 1}+ jn−1∑
k=0
qk
2 (−z2q2λe−2πiβ)k e−2kπibn {e(k, n)− 1}
+
m∑
k=jn
qk
2 (−z2q2λe−2πiβ)k e−2kπibne(k, n) = ∞∑
k=0
qk
2 (−z2q2λe−2πiβ)k + s11 + s12 + s13 + s14.
Then,
|s11 + s14| ≤ 2
∞∑
k=jn
qk
2+2λk|z|2k ≤ 2θ3(|z|2q2λ | q)|z|2jnqj
2
n+2λjn .(430)
For suiently large n,
|s12| ≤ 24jn
nρ
∞∑
k=0
qk
2+2λk|z|2k ≤ 24θ3(|z|2q2λ | q) logn
nρ
,(431)
and
|s13| ≤ 14q
kn
1− q
∞∑
k=0
qk
2+2λk|z|2k ≤ 14θ3(|z|2q2λ | q) q
kn
1− q .(432)
Let
(433) r1(n) = s11 + s12 + s13 + s14,
then,
(434)
s1(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
∞∑
k=0
qk
2 (−z2q2λe−2πiβ)k + r1(n),
and
(435) |r1(n)| ≤ 24θ3(|z|2q2λ | q)
{
|z|2jnqj2n+2λjn + q
kn
1− q +
logn
nρ
}
for n suiently large.
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Similarly,
s2(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
n−m∑
k=1
qk
2 (−z−2q−2λe2βπi)k e2kπibnf(k, n)
(436)
=
∞∑
k=1
qk
2 (−z−2q−2λe2βπi)k − ∞∑
k=jn
qk
2 (−z−2q−2λe2βπi)k
+
jn−1∑
k=1
qk
2 (−z−2q−2λe2βπi)k {e2kπibn − 1}+ jn−1∑
k=1
qk
2 (−z−2q−2λe2βπi)k e2kπibn {f(k, n)− 1}
+
n−m∑
k=jn
qk
2 (−z−2q−2λe2βπi)k e2kπibnf(k, n) = −1∑
k=−∞
qk
2 (−z2q2λe−2βπi)k + s21 + s22 + s23 + s24,
then
|s21 + s24| ≤ 2
∞∑
k=jn
qk
2−2λk|z|−2k ≤ 2θ3(|z|2q2λ; q)q
j2n−2λjn
|z|2jn .(437)
For suiently large n
|s22| ≤ 24jn
nρ
∞∑
k=0
qk
2−2λk|z|−2k ≤ 24θ3(|z|2q2λ; q) log n
nρ
,(438)
and
|s23| ≤ 14 q
kn
1− q
∞∑
k=0
qk
2−2λk|z|−2k ≤ 14θ3(|z|2q2λ; q) q
kn
1− q .(439)
for n suiently large.
Let
(440) r2(n) = s21 + s22 + s23 + s24,
then,
(441)
s2(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
−1∑
k=−∞
qk
2 (−z2q2λe−2βπi)k + r2(n),
and
(442) |r2(n)| ≤ 24θ3(|z|2q2λ; q)
{
qj
2
n−2λjn
|z|2jn +
qkn
1− q +
logn
nρ
}
for n suiently large.
Thus,
(443)
(−z2e−2nθπi)mhn(sinh ξn|q)(q; q)∞
znq−n2s+m(2τn+m)
= θ4
(
z2q2λe−2βπi; q
)
+ rim(n|5),
and
|rim(n|5)| ≤ 48θ3(|z|2q2λ; q)
{
qj
2
n−2λjn
|z|2jn + |z|
2jnqj
2
n+2λjn +
qkn
1− q +
log n
nρ
}
(444)
for suiently large n.
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5.2.6. Proof for ase 6. Observe that
s1(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
m∑
k=0
qk
2 (−z2q2βe−2πiλ)k q2kane(k, n)
(445)
=
∞∑
k=0
qk
2 (−z2q2βe−2πiλ)k − ∞∑
k=jn
qk
2 (−z2q2βe−2πiλ)k
+
jn−1∑
k=0
qk
2 (−z2q2βe−2πiλ)k {q2kan − 1}+ jn−1∑
k=0
qk
2 (−z2q2βe−2πiλ)k q2kan {e(k, n)− 1}
+
m∑
k=jn
qk
2 (−z2q2βe−2πiλ)k q2kane(k, n) = ∞∑
k=0
qk
2 (−z2q2βe−2πiλ)k + s11 + s12 + s13 + s14.
Sine
(446) |q2kan | ≤ q−2k
for 0 ≤ k ≤ n, then,
(447) |s11 + s14| ≤ 2
∞∑
k=jn
qk
2
(|z|2q2β−2)k ≤ 2θ3(|z|2q2β ; q)|z|2jnqj
2
n+2(β−1)jn .
For n suiently large we have
(448) |q2kan − 1| ≤ 6 logn
nρ
, |q2kan | ≤ 3
for 0 ≤ k ≤ jn − 1, then,
(449) |s12| ≤ 6θ3(|z|2q2β ; q) log n
nρ
,
and
(450) |s13| ≤ 3θ3(|z|2q2β ; q) q
kn
1− q .
Thus,
(451)
s1(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
∞∑
k=0
qk
2 (−z2q2βe−2πiλ)k + r1(n),
and
(452) |r1(n)| ≤ 6θ3(|z|2q2β ; q)
{
logn
nρ
+
qkn
1− q + |z|
2jnqj
2
n+2(β−1)jn
}
for n suiently large.
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Similarly,
s2(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
n−m∑
k=1
qk
2 (−z−2q−2βe2λπi)k q−2kanf(k, n)
(453)
=
−1∑
k=−∞
qk
2 (−z2q2βe−2πiλ)k − ∞∑
k=jn
qk
2 (−z−2q−2βe2λπi)k
+
jn−1∑
k=1
qk
2 (−z−2q−2βe2λπi)k {q−2kan − 1}+ jn−1∑
k=1
qk
2 (−z−2q−2βe2λπi)k q−2kan {f(k, n)− 1}
+
n−m∑
k=jn
qk
2 (−z−2q−2βe2λπi)k q−2kanf(k, n) = −1∑
k=−∞
qk
2 (−z2q2βe−2πiλ)k + s21 + s22 + s23 + s24.
Then,
(454) |s21 + s24| ≤ 2
∞∑
k=jn
qk
2
(|z|−2q−2β−2)k ≤ 2θ3(|z|2q2β ; q)|z|−2jnqj
2
n−2(β+1)jn .
For n suiently large,
(455) |s22| ≤ 6θ3(|z|2q2β ; q) log n
nρ
,
and
(456) |s23| ≤ 3θ3(|z|2q2β ; q) q
kn
1− q .
Therefore,
(457)
s2(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
−1∑
k=−∞
qk
2 (−z2q2βe−2πiλ)k + r2(n),
and
(458) |r2(n)| ≤ 6θ3(|z|2q2β ; q)
{
log n
nρ
+
qkn
1− q + |z|
−2jnqj
2
n−2(β+1)jn
}
for n suiently large.
Hene,
(459)
(−z2e−2nθπi)mhn(sinh ξn|q)(q; q)∞
znq−n2s+m(2τn+m)
= θ4(z
2q2βe−2πiλ; q) + rim(n|6),
and
(460)
|rim(n|6)| ≤ 12θ3(|z|2q2β; q)
{
logn
nρ
+
qkn
1− q + |z|
2jnqj
2
n+2(β−1)jn + |z|−2jnqj2n−2(β+1)jn
}
for n suiently large.
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5.2.7. Proof for ase 7. In this ase we have
s1(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
m∑
k=0
qk
2 (−z2q2β1e−2πiβ2)k e−2kπibnq2kane(k, n)
(461)
=
∞∑
k=0
qk
2 (−z2q2β1e−2πiβ2)k − ∞∑
k=jn
qk
2 (−z2q2β1e−2πiβ2)k
+
jn−1∑
k=0
qk
2 (−z2q2β1e−2πiβ2)k {q2kan − 1}+ jn−1∑
k=0
qk
2 (−z2q2β1e−2πiβ2)k {e−2kπibn − 1} q2kan
+
jn−1∑
k=0
qk
2 (−z2q2β1e−2πiβ2)k e−2kπibnq2kan {e(k, n)− 1}+ m∑
k=jn
qk
2 (−z2q2β1e−2πiβ2)k e−2kπibnq2kane(k, n)
=
∞∑
k=0
qk
2 (−z2q2β1e−2πiβ2)k + s11 + s12 + s13 + s14 + s15.
Then,
(462)
s1(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
∞∑
k=0
qk
2 (−z2q2β1e−2πiβ2)k + r1(n),
and
(463) |r1(n)| ≤ 27θ3(|z|2q2β1 ; q)
{
logn
nρ
+
qkn
1− q + |z|
2jnqj
2
n+2(β1−1)jn
}
for n suiently large.
Similarly,
s2(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
n−m∑
k=1
qk
2 (−z−2q−2β1e2β2πi)k e2kπibnq−2kanf(k, n)
(464)
=
−1∑
k=−∞
qk
2 (−z2q2β1e−2β2πi)k − ∞∑
k=jn
qk
2 (−z−2q−2β1e2β2πi)k
+
jn−1∑
k=1
qk
2 (−z−2q−2β1e2β2πi)k {e2kπibn − 1}+ jn−1∑
k=1
qk
2 (−z−2q−2β1e2β2πi)k e2kπibn {q−2kan − 1}
+
jn−1∑
k=1
qk
2 (−z−2q−2β1e2β2πi)k e2kπibnq−2kan {f(k, n)− 1}+ n−m∑
k=jn
qk
2 (−z−2q−2β1e2β2πi)k e2kπibnq−2kanf(k, n)
=
−1∑
k=−∞
qk
2 (−z2q2β1e−2β2πi)k + s21 + s22 + s23 + s24 + s25.
Thus,
(465)
s2(q; q)∞(−z2e−2nθπi)m
qm(2τn+m)
=
−1∑
k=−∞
qk
2 (−z2q2β1e−2β2πi)k + r2(n),
PLANCHEREL-ROTACH ASYMPTOTICS FOR q-SERIES 53
and
(466) |r2(n)| ≤ 27θ3(|z|2q2β1 ; q)
{
logn
nρ
+
qkn
1− q + |z|
−2jnqj
2
n−2(β1+1)jn
}
for n suiently large.
Therefore,
(467)
(−z2e−2nθπi)mhn(sinh ξn|q)(q; q)∞
znq−n2s+m(2τn+m)
= θ4(z
2q2β1e−2πiβ2 ; q) + rim(n|7),
and
(468)
|rim(n|7)| ≤ 54θ3(|z|2q2β1 ; q)
{
logn
nρ
+
qkn
1− q + |z|
2jnqj
2
n+2(β1−1)jn + |z|−2jnqj2n−2(β1+1)jn
}
For n suiently large.
5.3. Proof for Corollary 5.2. In this ase we have,
(469) xn(u) = sinh ξn = sinhπ
(
u+ (τ + 1/2)n1−a
)
,
and
(470) wim(xn(u)) =
√
2na
π
exp
{
−n
−aπ
8
− 2naπ (u+ (τ + 1/2)n1−a)2} .
From Lemma 1.1 and Lemma 1.2 to get
(471)
1
(q; q)n
=
r1(q;n) + 1
(q; q)∞
=
exp(πna/6− πn−a/24)√
2na
{
1 +O(e−4πna)
}
as n→∞, thus,
qn(n+1)/4
√
wim(xn(u))
(q; q)n
=
exp
{
−n−aπ(nau+ (τ + 1/2)n)2 + πna12 − πn
−a
12 − (n+1)nπ4
}
√
π
(472)
×
{
1 +O(e−4πna)
}
as n→∞.
5.3.1. Proof of ase 1. Observe that
(473) znq−n
2(τ+1/2) = exp(nπu + (τ + 1/2)πn2−a),
then formulas (344) and (345) imply
hn
(
sinhπ
(
u+ (τ + 1/2)n1−a
) | exp(−πn−a))(474)
= exp(nπu + (τ + 1/2)πn2−a)
{
1 +O(e−4πna)
}
,
and
hn
(
sinhπ(u + (τ + 1/2)n1−a)‖ exp(−πn−a))(475)
=
1√
π
exp
(−n−aπ(nau+ τn)2)
exp π12 (3n
1−a + n−a − na)
{
1 +O(e−4πna)
}
as n→∞.
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5.3.2. Proof for ase 2. From (19) (32) to get
θ3(|z|2q2λ; q) = θ3(ui− λn−ai | n−ai)(476)
=
√
na expπn−a(nau− λ)2
{
1 +O(e−πna)
}
,
and
θ4(z
2q2λ; q) = θ4(ui− λn−ai | n−ai)(477)
=
√
na expπn−a(nau− λ)2θ2 (nau− λ|nai)
= 2
√
na exp
{
πn−a(nau− λ)2 − πn
a
4
}
× cosπ(nau− λ)
{
1 +O(e−2πna)
}
as n→∞.
From formulas (353)(356), we have
hn
(
sinhπ
(
u+ (τ + 1/2)n1−a
) | exp(−πn−a))(478)
=
(−1)τn+λ√2{cosπ(nau− λ) +O(e−2πna)}
exp
{
−πn−a(nau+ (τ + 1/2)n)2 − πn2−a4 + πn
a
12 +
πn−a
24
}
and
hn
(
sinhπ(u+ (τ + 1/2)n1−a)‖ exp(−πn−a))(479)
=
√
2
π
(−1)τn+λ {cosπ(nau− λ) +O(e−2πna)}
exp
{
n1−aπ
4 +
πn−a
8
}
as n→∞.
5.4. Proof for Corollary 5.3. In this ase we have
(480) sinh ξn = sinhπ
(
u+
(τ + 1/2)n
γ logn
)
,
wim(sinh ξn) =
√
2γ logn
π
exp
(
− π
8γ logn
− 2π
γ logn
(γu logn+ (τ + 1/2)n)2
)
,
(481)
and
(482)
1
(q; q)n
=
exp
(
γπ log n
6 − π24γ logn
)
√
2γ logn
{
1 +O(n−4πγ)} ,
qn(n+1)/4
√
wim(sinh ξn)
(q; q)n
(483)
=
nγπ/12 exp
(
− πγ logn (γu logn+ (τ + 1/2)n)
2
)
√
π exp
(
π
12γ logn +
n(n+1)π
4γ logn
) {1 +O(n−4πγ)}
as n→∞.
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5.4.1. Proof for ase 1. From formulas (344) and (345) to get
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
| exp
(
− π
γ logn
))
(484)
= expπ
(
nu+
(τ + 1/2)n2
γ log n
)
{1 +O (exp(−2πτn/(γ logn))} ,
and
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
‖ exp
(
− π
γ logn
))
(485)
==
nγπ/12√
π
exp
(
−π(uγ log n+nτ)2γ logn
)
exp
(
nπ
4γ logn +
π
12γ log n
) {1 +O(n−4πγ)}
as n→∞.
5.4.2. Proof for ase 2. In this ase we have
θ4(z
2q2λ; q) = θ4
(
ui− λi
γ logn
| i
γ logn
)
(486)
=
√
γ logn
nπγ/4
exp
(
π(uγ logn− λ)2
γ logn
)
× cosπ(uγ log n− λ){1 +O(n−2πγ)} ,
and
θ3(|z|2 q2λ; q) = θ3
(
ui− λi
γ logn
| i
γ logn
)
(487)
=
√
γ logn exp
(
π(uγ logn− λ)2
γ logn
){
1 +O(n−πγ)} .
Then,
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
| exp
(
− π
γ logn
))
(488)
=
√
2 exp
(
π
γ logn (uγ logn+ (τ + 1/2)n)
2
)
(−1)λ+τnnπγ/12 exp( π24γ log n − n
2π
4γ logn )
× {cosπ(uγ logn− λ) +O(n−2πγ)} ,
and
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
‖ exp
(
− π
γ logn
))
(489)
=
√
2
π
{
cosπ(uγ logn− λ) +O(n−2πγ)}
(−1)λ+τn exp( π8γ logn + nπ4γ logn )
for n suiently large.
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5.4.3. Proof for ase 3. Put θ,m1, λ = 0 in (359)-(361) to get
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
| exp
(
− π
γ logn
))
(490)
=
√
2 exp
(
π
γ logn (uγ logn+ (τ + 1/2)n)
2
)
(−1)mnπγ/12 exp( π24γ logn − n
2π
4γ logn )
×
{
cosπ(uγ logn− β) +O(n−8ρ/9 log2 n)
}
,
and
hn
(
sinhπ
(
u+
(τ + 1/2)n
γ logn
)
‖ exp
(
− π
γ logn
))
(491)
=
√
2
π
{
cosπ(uγ logn− β) +O(n−8ρ/9 log2 n)}
(−1)m exp( π8γ logn + nπ4γ logn )
for n suiently large, where γ = 8ρ9π .
6. Stieltjes-Wigert Orthogonal Polynomials
Stieltjes-Wigert orthogonal polynomials {Sn(x; q)}∞n=0 are dened as [13℄
(492) Sn(x; q) =
n∑
k=0
qk
2
(−x)k
(q; q)k(q; q)n−k
.
Stieltjes-Wigert orthogonal polynomials ome from an indeterminant moment prob-
lem. They satisfy the orthogonality relation
(493)
∫ ∞
0
Sm(x; q)Sn(x; q)wsw(x)dx =
q−n
(q; q)n
δm,n,
where
wsw(x) :=
√ −1
2π log q
exp
(
1
2 log q
[
log
(
x√
q
)]2)
.(494)
Clearly, the assoiated orthonormal Stieltjes-Wigert funtions are given by
(495) sn(x‖q) :=
√
qn(q; q)nwsw(x)Sn(x; q).
For any nonzero omplex number z, let
(496) s = 2τ + 2 + i
2θπ
log q
, xn(z, s) = zq
−ns, τ, θ ∈ R.
Reverse the summation order of (492) to get
(497)
Sn(xn(z, s); q)
(−z)nqn2(1−s) =
n∑
k=0
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z
)k
.
Clearly,
|Sn(xn(z, s); q)| ≤ |z|
nq−n
2(2τ+1)
(q; q)∞
∞∑
k=0
qk
2
(q2τn|z|−1)k
(q; q)k
≤ |z|
nAq(−q2τn|z|−1)
(q; q)∞qn
2(2τ+1)
,(498)
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or
(499) |Sn(xn(z, s); q)| ≤
(−√q; q)∞
(q; q)∞
|z|(2τ+1)n exp
(
− log2 |z|2 log q
)
q(2τ2+2τ+1)n2
.
6.1. Asymptoti Formulas For Stieltjes-Wigert Polynomials.
Theorem 6.1. Given any nonzero omplex number z, let s and xn(z, s) be dened
as in (493) and (494) and let
(500) jn :=
⌊
q4 log n
log q−1
⌋
, kn = min
{⌊
(1 + τ)n
2
⌋
,
⌊
(−τ)n
2
⌋}
,
we have the following results for Stieltjes-Wigert polynomials:
(1) When τ > 0, we have
(501)
Sn(xn(z, s); q)(q; q)∞
(−z)nqn2(1−s) = 1 + rsw(n|1),
and
(502) |rsw(n|1)| ≤
q2τn+1 exp(
(
q2τn+1/((1− q)|z|))
(1− q)|z| .
(2) Assume that τ = 0, if for a xed real number λ there are innitely many
positive integers n suh that
(503) nθ = m+ λ, m ∈ Z,
then,
(504)
Sn(xn(z, s); q)(q; q)∞
(−z)nqn2(1−s) = Aq
(
e2λπi
z
)
+ rsw(n|2),
and
(505) |rsw(n|2)| ≤ 2Aq(−|z|
−1)
(q; q)∞
{
qn/2 +
q⌊n/2⌋
2
|z|⌊n/2⌋
}
for n is suiently large.
(3) Assume that τ = 0, if for any xed real numbers β and ρ ≥ 1 there are
innitely many positive integers n suh that
(506) nθ = m+ β + bn, m ∈ Z, |bn| < 1
nρ
,
then,
(507)
Sn(xn(z, s); q)(q; q)∞
(−z)nqn2(1−s) = Aq
(
e2πiβ
z
)
+ esw(n|3),
and
(508) |esw(n|3)| ≤ 24 exp(q/((1− q)|z|))
{
logn
nρ
+
qn/2
(1− q) +
((q−1 − 1)|z|)−k
jn!
}
for n is suiently large.
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(4) Assume that −1 < τ < 0. If for some xed real numbers λ and λ1 there
are innite number of positive integers n suh that
(509) − nτ = m+ λ, m ∈ N, nθ = m1 + λ1, m1 ∈ Z,
then,
Sn(xn(z, s); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞(−ze−2nθπi)m
{
θ4
(
zq2λe−2πiλ1 ; q
)
+ rsw(n|4)
}
,
(510)
and
|rsw(n|4)| ≤ 12θ3(|z|q2λ; q)
{
qkn
1− q + |z|
knqk
2
n+2λkn +
qk
2
n−2λkn
|z|kn
}
(511)
for n suiently large.
(5) Assume that −1 < τ < 0 , if for any real numbers β, λ and ρ ≥ 1 there are
innitely many positive integers n suh that
(512) nθ = m1 + β + bn, |bn| < 1
nρ
, m1 ∈ Z,
and
(513) − nτ = m+ λ, m ∈ N.
Then,
Sn(xn(z, s); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞(−ze−2nθπi)m
{
θ4
(
zq2λe−2βπi; q
)
+ rsw(n|5)
}
,(514)
and
|rsw(n|5)| ≤ 48θ3(|z|q2λ; q)
{
qj
2
n−2λjn
|z|jn + |z|
jnqj
2
n+2λjn +
qkn
1− q +
logn
nρ
}
,(515)
for n suiently large.
(6) Assume that −1 < τ < 0, if for any real numbers β, λ and ρ ≥ 1 there are
innitely many positive integers n suh that
(516) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N,
and
(517) nθ = m1 + λ, m1 ∈ Z.
Then,
Sn(xn(z, s); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞(−ze−2nθπi)m
{
θ4
(
zq2βe−2λπi; q
)
+ rsw(n|6)
}
,(518)
and
|rsw(n|6)| ≤ 36θ3(|z|q2β ; q)
{
qj
2
n−2(β+1)jn
|z|jn + |z|
jnqj
2
n+2(β−1)jn +
qkn
1− q +
logn
nρ
}
,
(519)
for n suiently large.
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(7) Assume that −1 < τ < 0, If for xed real numbers β1, β2 and ρ > 0 there
are innitely many positive integers n suh that
(520) − τn = m+ β1 + an, |an| < 1
nρ
, m ∈ N,
and
(521) nθ = m1 + β2 + bn, |bn| < 1
nρ
, m1 ∈ Z.
Then,
Sn(xn(z, s); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞(−ze−2nθπi)m
{
θ4
(
zq2β1e−2β2πi; q
)
+ rsw(n|7)
}
,
(522)
and
|rsw(n|7)| ≤ 156θ3(|z|q2β1 ; q)
{
qj
2
n−2(β1+1)jn
|z|jn + |z|
jnqj
2
n+2(β1−1)jn +
qkn
1− q +
logn
nρ
}(523)
for n suiently large.
In the following orollaries we assume that
(524) z = e2πu, u ∈ R.
If we let
(525) q = exp(−n−aπ), 0 < a < 1
2
, n ∈ N,
then we have the following results for Stieltjes-Wigert polynomials:
Corollary 6.2. (1) Ifτ > 0, then
Sn(exp 2π(u+ (τ + 1)n
1−a); e−πn
−a
)(526)
=
exp
(
2nπu+ (2τ + 1)πn2−a + πn
a
6 − πn
−a
24
){
1 +O (e−4πna)}
(−1)n√2na ,
and
sn(exp 2π(u+ (τ + 1)n
1−a)‖e−πn−a)(527)
=
(−1)n exp (− πna (nau+ τn)2 − πu2 ) {1 +O (e−4πna)}√
2π exp
(
π(τ+2)n1−a
2 +
πn−a
12 − πn
a
12
)
as n→∞.
(2) Assume that −1 < τ < 0 and for some xed real number λ, there are
innitely many positive integers n suh that
(528) − nτ = m+ λ, m ∈ N.
PLANCHEREL-ROTACH ASYMPTOTICS FOR q-SERIES 60
Then,
Sn
(
exp 2π(u+ (τ + 1)n1−a); e−πn
−a
)
(529)
=
exp
(
πn−a (nau+ (τ + 1)n)2
)
(−1)(1+τ)n+λna/2 exp
(
πn−a
12 − πn
a
12
)
×
{
cosπ(nau− λ) +O
(
e−2πn
a
)}
,
and
sn
(
exp 2π(u+ (τ + 1)n1−a)‖e−πn−a
)
(530)
=
(−1)(1+τ)n+λ {cosπ(nau− λ) +O (e−2πna)}
√
π exp
(
πu
2 +
(τ+2)πn1−a
2 +
πn−a
8
)
for n suiently large.
If we hoose that
(531) q = exp
(
− π
γ logn
)
, n ≥ 2,
then we have the following:
Corollary 6.3. (1) If τ > 0, then we have
Sn
(
exp 2π
(
u+
(τ + 1)n
γ logn
)
; exp
(
− π
γ logn
))
(532)
=
exp
(
2πnu+ (2τ+1)n
2
γ logn +
γπ logn
6 − π24γ log n
){
1 +O (n−4πγ)}
(−1)n√2γ logn ,
and
sn
(
exp 2π
(
u+
(τ + 1)n
γ log n
)
‖ exp
(
− π
γ logn
))
(533)
=
exp
(
− πγ log n (γu logn+ τn)2 − πu2
){
1 +O (n−4πγ)}
(−1)n√2π exp
(
(τ+2)nπ
2γ log n +
π
12γ logn − γπ log n12
)
for n suiently large.
(2) Assume that −1 < τ < 0 and for some xed real number λ there are
innitely many positive integers n suh that
(534) − nτ = m+ λ, m ∈ N.
Then,
Sn
(
exp 2π
(
u+
(τ + 1)n
γ logn
)
; exp
(
− π
γ logn
))
(535)
=
(−1)(1+τ)n+λnγπ/12√
γ logn
exp
(
π(uγ logn+ (τ + 1)n)2
γ log n
− π
12γ logn
)
× {cosπ(γu logn− λ) +O (n−2πγ)} ,
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and
sn
(
exp 2π
(
u+
(τ + 1)n
γ logn
)
‖ exp
(
− π
γ logn
))
(536)
=
(−1)(1+τ)n+λ {cosπ(γu logn− λ) +O (n−2πγ)}
√
π exp
(
πu
2 +
π(τ+2)n
2γ logn +
π
8γ logn
)
for n suiently large.
(3) Assume that −1 < τ < 0, if for some xed real numbers β, ρ ≥ 1 and λ
there exist innitely many positive integers n suh that
(537) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N,
and let
(538) γ =
4ρ
9π
,
then for eah of suh n, we have
Sn
(
exp 2π
(
u+
(τ + 1)n
γ logn
)
; exp
(
− π
γ logn
))
(539)
=
(−1)n−mnρ/27√
γ logn
exp
(
π(uγ logn+ (τ + 1)n)2
γ logn
− π
12γ logn
)
×
{
cosπ(γu logn− β) +O
(
n−8ρ/9 logn
)}
,
and
sn
(
exp 2π
(
u+
(τ + 1)n
γ log n
)
‖ exp
(
− π
γ logn
))
(540)
=
(−1)n−m {cosπ(γu logn− β) +O (n−8ρ/9 log n)}
√
π exp
(
πu
2 +
π(τ+2)n
2γ logn +
π
8γ logn
)
for n suiently large.
6.2. Proofs for Theorem 6.1. In the rst three proofs we will use the inequalities
(541) 0 <
(q; q)∞
(q; q)n−k
≤ 1
for 0 ≤ k ≤ n and
(542)
∣∣∣∣ (q; q)∞(q; q)n−k − 1
∣∣∣∣ ≤ 2q1+n/21− q
for 0 ≤ k ≤ ⌊n2 ⌋− 1 for n suiently large, whih is a diretly from Lemma 1.1.
In the last four proofs we have
(543) − τn = m+ cn, m ∈ N, nθ = m1 + dn, m1 ∈ Z.
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Then,
Sn(xn(z, s); q)
(−z)nqn2(1−s) =
n∑
k=0
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z
)k
(544)
=
m∑
k=0
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z
)k
+
n∑
k=m+1
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(
−q
2τn
z
)k
= s1 + s2.
We reverse the summation order in s1 to obtain
(545)
s1(q; q)
2
∞(−ze−2nθπi)m
qm(2τn+m)
=
m∑
k=0
qk
2 (−zq2cne−2πidn)k e(k, n),
and
(546) e(k, n) =
(q; q)2∞
(q; q)m−k(q; q)n−m+k
.
It is lear that
(547) |e(k, n)| ≤ 1
for 0 ≤ k ≤ m. Using Lemma 1.1 to expand and estimate eah term of
e(k, n) −1 = {r1 (q;m− k) + 1} {r1 (q;n−m+ k) + 1} − 1,(548)
to get
(549) |e(k, n)− 1| ≤ 6q
kn+2
1− q
for 0 ≤ k ≤ kn − 1 and n suiently large.
In sum s2 we shift summation index from k to k +m to get
(550)
s2(q; q)
2
∞(−ze−2nθπi)m
qm(2τn+m)
=
n−m∑
k=1
qk
2 (−z−1q−2cne2πidn)k f(k, n),
and
(551) f(k, n) =
(q; q)2∞
(q; q)m+k(q; q)n−m−k
for 1 ≤ k ≤ n−m. Hene
(552) |f(k, n)| ≤ 1
for 1 ≤ k ≤ n−m. Expand and apply Lemma 1.1 to eah terms of
f(k, n) −1 = {r1 (q;m+ k) + 1} {r1 (q;n−m− k) + 1} − 1(553)
to obtain
(554) |f(k, n)− 1| ≤ 6q
kn+2
1− q
for 1 ≤ k ≤ kn − 1 and n suiently large.
The rest are similar to the orresponding proofs for the Ismail-Masson polyno-
mials.
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6.3. Proof for Corollary 6.2. In this ase we have
(555) xn(z, s) = exp 2π(u+ (τ + 1)n
1−a)
and
wsw(xn(z, s)) =
na/2
π
√
2
exp
(
−2πn−a(nau+ (τ + 1)n+ 1
4
)2
)
.(556)
Clearly,
(q; q)∞ =
√
2na exp
(
πn−a
24
− πn
a
6
){
1 +O
(
e−4πn
a
)}
,(557)
1
(q; q)∞
=
exp
(
πna
6 − πn
−a
24
){
1 +O (e−4πna)}
√
2na
,(558)
qn(q; q)n =
√
2na exp
(
−πn1−a + πn
−a
24
− πn
a
6
){
1 +O
(
e−4πn
a
)}
,(559)
then,
√
qn(q; q)nwsw(xn(z, s))(560)
=
√
na
π
exp
(
πn−a
48
− πn
a
12
− πn
1−a
2
)
× exp
(
−πn−a(nau+ (τ + 1)n+ 1
4
)2
){
1 +O
(
e−4πn
a
)}
as n→∞.
Notie that
θ4
(
zq2λ; q
)
= θ4
(
ui− iλn−a | n−ai)(561)
= na/2 exp
(
π(nau− λ)2
na
)
θ2 (n
au− λ | nai)
= 2na/2 exp
(
π(nau− λ)2
na
− πn
a
4
)
× cosπ(nau− λ)
{
1 +O
(
e−2πn
a
)}
,
and
θ3
(
zq2λ; q
)
= θ3
(
ui− iλn−a | n−ai)(562)
= na/2 exp
(
π(nau− λ)2
na
)
θ3 (n
au− λ | nai)
= 2na/2 exp
(
π(nau− λ)2
na
){
1 +O
(
e−πn
a
)}
as n → ∞. The proof for ase 1 follows from (501) and (502), while the proof for
ase 2 omes from (510) and (511).
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6.4. Proof for Corollary 6.3. In this ase we have
(563) xn(z, s) = exp 2π
(
u+
(τ + 1)n
γ log n
)
,
and
(564) wsw(xn(z, s)) =
1
π
√
γ logn
2
exp
(
− 2π
γ logn
(γu logn+ (τ + 1)n+
1
4
)2
)
.
It is lear that
(q; q)∞ =
√
2γ logn exp
(
π
24γ logn
− γπ logn
6
){
1 +O (n−4πγ)} ,(565)
1
(q; q)∞
=
1√
2γ logn
exp
(
γπ log n
6
− π
24γ logn
){
1 +O (n−4πγ)}(566)
as n→∞. √
qn(q; q)nwsw(xn(z, s))(567)
=
√
γ logn
π
exp
(
π
48γ logn
− πn
2γ log n
− γπ log n
12
)
× exp
(
− π
γ logn
(γu logn+ (τ + 1)n+
1
4
)2
){
1 +O (n−4πγ)}
as n→∞.
θ4(zq
2λ; q) = θ4
(
ui− λi
γ logn
| i
γ logn
)(568)
=
√
γ logn exp
π(γu logn− λ)2
γ logn
θ2 (γu logn− λ | iγ logn)
=
24
√
(γ logn)2
nπγ
exp
π(γu logn− λ)2
γ logn
cosπ(γu logn− λ){1 +O (n−2πγ)} ,
and
θ3(zq
2λ; q) = θ3
(
ui− λi
γ logn
| i
γ logn
)
(569)
=
√
γ logn exp
π(γu logn− λ)2
γ logn
θ3 (γu logn− λ | iγ logn)
=
√
γ logn exp
π(γu logn− λ)2
γ logn
{
1 +O (n−πγ)} ,
as n → ∞. The proofs for three ases follow from the formulas (501), (510) and
(518) respetively.
7. q-Laguerre Orthogonal Polynomials
The q-Laguerre orthogonal polynomials
{
L
(α)
n (x; q)
}∞
n=0
are dened as [13℄
(570) L(α)n (x; q) =
n∑
k=0
qk
2+αk(−x)k(qα+1; q)n
(q; q)k(q, qα+1; q)n−k
,
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for α > −1. For any nonzero omplex number z, let
(571) s = 2τ + 2 + i
2θπ
log q
, xn(z, s, α) = zq
−ns−α, τ, θ ∈ R,
reverse the summation order to get
(572)
L
(α)
n (xn(z, s, α); q)
(−z)nqn2(1−s) =
n∑
k=0
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(qα+1; q)n
(qα+1; q)n−k
(
−q
2τn
z
)k
,
then
∣∣∣L(α)n (xn(z, s, α); q)∣∣∣ ≤ |z|
n
∑∞
k=0
qk
2
(|z|−1q2τn)k
(q;q)k
(q; q)∞qn
2(2τ+1)
≤ |z|
nAq
(−|z|−1q2τn)
(q; q)∞qn
2(2τ+1)
,(573)
or
(574)
∣∣∣L(α)n (xn(z, s, α); q)∣∣∣ ≤ (−
√
q; q)∞
(q; q)∞
|z|(2τ+1)n exp
(
− log2 |z|2 log q
)
q(2τ2+2τ+1)n2
.
7.1. Asymptoti Formulas q-Laguerre Polynomials.
Theorem 7.1. Assume that α > −1, given any omplex numbers z 6= 0, let s and
xn(z, s, α) be dened as in (601) and let
(575) jn =
⌊
q4 logn
log q−1
⌋
, kn = min
{⌊
(1 + τ)n
2
⌋
,
⌊−τn
2
⌋}
,
we have the following results for q-Laguerre polynomials:
(1) Assume that τ > 0, we have
(576)
L
(α)
n (xn(z, s, α); q)(q; q)∞
(−z)nqn2(1−s) = 1 + rql(n|1)
with
(577) |rql(n|1)| ≤
q2τn+1 exp
(
q2τn+1/((1− q)|z|))
(1− q)|z| .
(2) Assume that τ = 0, if for some xed real number λ there are innitely
positive integers n suh that
(578) nθ = m+ λ, m ∈ Z,
then,
(579)
L
(α)
n (xn(z, s, α); q)(q; q)∞
(−z)nqn2(1−s) = Aq
(
e2λπi
z
)
+ rql(n|2),
and
|rql(n|2)| ≤ 14Aq(−|z|
−1)
(q; q)∞
{
qn/2 +
q⌊n/2⌋
2
|z|⌊n/2⌋
}
(580)
for n suiently large.
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(3) Assume that τ = 0, if for some xed real numbers β and ρ ≥ 1 there are
innitely many positive integers n suh that
(581) nθ = m+ β + bn |bn| < 1
nρ
, m ∈ Z,
then,
(582)
L
(α)
n (xn(z, s, α); q)(q; q)∞
(−z)nqn2(1−s) = Aq
(
e2πiβ
z
)
+ eql(n|3),
and
|eql(n|3)| ≤ 24 exp
(
q
(1− q)z
){
logn
nρ
+
qn/2
1− q +
(
(q−1 − 1)|z|)−jn
jn!
}
(583)
for n suiently large.
(4) Assume that −1 < τ < 0, if for some xed real numbers λ and λ1 there are
innite number of positive integers n suh that
(584) − nτ = m+ λ, m ∈ N, nθ = m1 + λ1, m1 ∈ Z,
then,
L(α)n (xn(z, s, α); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞ (−ze−2nθπi)m
{
θ4
(
zq2λe−2πiλ1 ; q
)
+ rql(n|4)
}
,
(585)
and
|rql(n|4)| ≤ 60θ3
(|z|q2λ; q){ qkn
1− q + |z|
−knqk
2
n−2λkn + |z|knqk2n+2λkn
}
(586)
for n suiently large.
(5) Assume that −1 < τ < 0 , if for some xed real numbers β, λ and ρ ≥ 1
there are innitely many positive integers n suh that
(587) nθ = m1 + β + bn, |bn| < 1
nρ
, m1 ∈ Z, −nτ = m+ λ, m ∈ N,
then,
L(α)n (xn(z, s, α); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞(−ze−2nθπi)m
{
θ4
(
zq2λe−2βπi; q
)
+ rql(n|5)
}
,
(588)
and
|rql(n|5)| ≤ 60θ3(|z|q2λ; q)
{
|z|jnqj2n+2λjn + |z|−jnqj2n−2λjn + q
kn
1− q +
logn
nρ
}(589)
for n suiently large.
(6) Assume that −1 < τ < 0, if for any xed real numbers β,λ and ρ ≥ 1 there
are innitely many positive integers n suh that
(590) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N, nθ = m1 + λ, m1 ∈ Z,
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then,
L(α)n (xn(z, s, α); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞(−ze−2nθπi)m
{
θ4
(
zq2βe−2λπi; q
)
+ rql(n|6)
}
,
(591)
and
|rql(n|6)| ≤ 180θ3(|z|q2β; q)
{
|z|−jnqj2n−2(β+1)jn + |z|jnqj2n+2(β−1)jn + q
kn
1− q +
log n
nρ
}(592)
for n suiently large.
(7) Assume that −1 < τ < 0, if for some xed real numbers β1, β2 and ρ > 0
there are innitely many positive integers n suh that
(593) − τn = m+ β1 + an, |an| < 1
nρ
, m ∈ N,
and
(594) nθ = m1 + β2 + bn, |bn| < 1
nρ
, m1 ∈ Z,
then,
L(α)n (xn(z, s, α); q) =
(−z)nqn2(1−s)+m(2τn+m)
(q; q)2∞(−ze−2nθπi)m
{
θ4
(
zq2β1e−2β2πi; q
)
+ rql(n|7)
}
,
(595)
and
|rql(n|7)| ≤ 180
{
|z|−jnqj2n−2(β1+1)jn + |z|jnqj2n+2(β1−1)jn + q
kn
1− q +
logn
nρ
}
(596)
for n suiently large.
In the following orollaries we assume that
(597) z = e2πu, u ∈ R.
If we let
(598) q = exp(−n−aπ), 0 < a < 1
2
, n ∈ N,
then we have the following results for q-Laguerre orthogonal polynomials:
Corollary 7.2. (1) Ifτ > 0, then
L(α)n
(
exp 2π(u+ (τ + 1)n1−a + αn−a/2); exp(−n−aπ))(599)
=
exp 2nπ
(
u+ (τ + 12 )n
1−a) {1 +O(e−4πna)}
(−1)n√2na exp (− π24 (n−a − 4na))
as n→∞.
(2) Assume that −1 < τ < 0 and for some xed real number λ there are
innitely many positive integers n suh that
(600) − nτ = m+ λ, m ∈ N.
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Then,
L(α)n (exp 2π(u+ (τ + 1)n
1−a + αn−a/2); exp(−n−aπ))(601)
=
exp
(
πn−a(nau+ (τ + 1)n)2
) {
cosπ(nau− λ) +O (e−2πna)}
(−1)(1+τ)n+λ√na exp
(
πn−a
24 +
πna
12
)
for n suiently large.
If we hoose
(602) q = exp
(
− π
γ logn
)
, n ≥ 2,
then we have the following:
Corollary 7.3. (1) If τ > 0, then we have
L(α)n
(
exp
2π(γu logn+ (τ + 1)n+ α/2)
γ logn
; exp
(
− π
γ logn
))
(603)
=
nπγ/6 exp
(
2nπu+ (2τ+1)n
2π
γ logn − π24γ logn
)
(−1)n√2γ logn
{
1 +O (n−4πγ)}
for n suiently large.
(2) Assume that −1 < τ < 0 and for some xed real number λ there are
innitely many positive integers n suh that
(604) − nτ = m+ λ, m ∈ N,
then,
L(α)n
(
exp
(
2π(γu logn+ (τ + 1)n+ α/2)
γ logn
)
; exp
(
− π
γ logn
))(605)
=
nπγ/12 exp
(
π(uγ log n+(τ+1)n)2
γ logn − π12γ logn
){
cosπ(γu logn− λ) +O (n−2πγ)}
(−1)(1+τ)n+λ√γ logn
for n suiently large.
(3) Assume that −1 < τ < 0, if for some xed real numbers β, ρ ≥ 1 and λ
there exist innitely many positive integers n suh that
(606) − nτ = m+ β + an, |an| < 1
nρ
, m ∈ N,
and let
(607) γ =
4ρ
9π
,
then for eah of suh n, we have
L(α)n
(
exp
(
2π(γu logn+ (τ + 1)n+ α/2)
γ logn
)
; exp
(
− π
γ logn
))
(608)
=
exp
(
π(uγ logn+(τ+1)n)2
γ log n − π12γ logn
)
(−1)n−mn−ρ/27√γ logn
{
cosπ(γu logn− β) +O
(
logn
n8ρ/9
)}
for n suiently large.
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7.2. Proofs for q-Laguerre Polynomial Case. In the rst three proofs we will
use the inequalities
(609) 0 <
(q; q)∞
(q; q)n−k
(qα+1; q)n
(qα+1; q)n−k
≤ 1
for 0 ≤ k ≤ n and
(610)
∣∣∣∣ (q; q)∞(q; q)n−k
(qα+1; q)n
(qα+1; q)n−k
− 1
∣∣∣∣ ≤ 14qn/21− q
for 0 ≤ k ≤ ⌊n2 ⌋-1 and n suiently large. This an be seen by expanding
(q; q)∞
(q; q)n−k
(qα+1; q)n
(qα+1; q)n−k
− 1 = {r1(q;n− k) + 1}
{
r2(q
α+1;n) + 1
}{
r1(q
α+1;n− k) + 1}− 1
(611)
and estimating eah term by Lemma 1.1.
Assume that
(612) − τn = m+ cn, m ∈ N, nθ = m1 + dn, m1 ∈ Z,
then,
L
(α)
n (xn(z, s, α); q)
(−z)nqn2(1−s) =
n∑
k=0
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(qα+1; q)n
(qα+1; q)n−k
(
−q
2τn
z
)k
(613)
=
m∑
k=0
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(qα+1; q)n
(qα+1; q)n−k
(
−q
2τn
z
)k
+
n∑
k=m+1
qk
2
e2nkθπi
(q; q)k(q; q)n−k
(qα+1; q)n
(qα+1; q)n−k
(
−q
2τn
z
)k
= s1 + s2.
We reverse the summation order in s1 to obtain
(614)
s1(q; q)
2
∞(−ze−2nθπi)m
qm(2τn+m)
=
m∑
k=0
qk
2 (−zq2cne−2πidn)k e(k, n),
and
(615) e(k, n) =
(q; q)2∞(q
α+1; q)n
(q; q)m−k(q; q)n−m+k(qα+1; q)n−m+k
.
Clearly,
(616) |e(k, n)| ≤ 1
for 0 ≤ k ≤ m. Expand and estimate eah term of
e(k, n)− 1 = {r2 (qα+1;n)+ 1} {r1 (q;m− k) + 1} {r1 (q;n−m+ k) + 1}{r1 (qα+1;n−m+ k)+ 1}− 1
(617)
by Lemma 1.1 to get
(618) |e(k, n)− 1| ≤ 30q
kn+1
1− q
for 0 ≤ k ≤ kn − 1.
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In sum s2 we shift summation from k to k +m to obtain
(619)
s2(q; q)
2
∞(−ze−2nθπi)m
qm(2τn+m)
=
n−m∑
k=1
qk
2 (−z−1q−2cne2πidn)k f(k, n),
and
(620) f(k, n) =
(q; q)2∞(q
α+1; q)n
(q; q)m+k(q; q)n−m−k(qα+1; q)n−m−k
for 1 ≤ k ≤ n−m. Hene
(621) |f(k, n)| ≤ 1
for 1 ≤ k ≤ n−m. Apply Lemma 1.1 to eah term of
f(k, n)− 1 = {r2 (qα+1;n)+ 1} {r1 (q;m+ k) + 1} {r1 (q;n−m− k) + 1}{r1 (qα+1;n−m− k)+ 1}− 1,
(622)
we obtain
(623) |f(k, n)− 1| ≤ 30q
kn+1
1− q
for 1 ≤ k ≤ kn − 1.
The rest of the proofs are very similar to the orresponding proofs for Ismail-
Masson polynomials and we will not repeat them here.
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